This is page i Printer: Opaque this

Applied Mathematics: Body & Soul Vol I-III

K. Eriksson, D. Estep and C. Johnson

August 26, 2002

ii

This is page iii Printer: Opaque this

Preface

I admit that each and every thing remains in its state until there is reason for change. (Leibniz)

The need of reform of mathematics education

Mathematics education needs to be reformed as we now pass into the new millenium. We share this conviction with a rapidly increasing number of researchers and teachers of mathematics and topics of science and engineering based on mathematical modeling. The reason is of course the computer revolution, which has fundamentally changed the possibilities of using mathematical and computational techniques for modeling, simulation and control of real phenomena. New products and systems may be developed and tested through computer simulation on time scales and at costs, which are orders of magnitude smaller than using traditional techniques based on extensive laboratory testing, hand calculations and trial and error.

At the heart of the new simulation techniques lie the new fields of Computational Mathematical Modeling CMM, including Computational Mechanics, Physics, Fluid Dynamics, Electromagnetics and Chemistry, all based on solving systems of differential equations using computers, combined with geometric modeling/Computer Aided Design CAD. Computational modeling is also finding revolutionary new applications in biology, medicine, environmental sciences, economy and finance markets.

The education in mathematics forms the basis of science and engineering education from undergraduate to graduate level, because engineering iv Preface

and science are largely based on mathematical modeling. The level and the quality of the mathematics education sets the level of the education as a whole. The new technology of CMM/CAD crosses borders between traditional engineering disciplines and schools, and puts strong forces to modernize engineering education in both content and form from basic to graduate level.

Our reform program

Our own reform work started some 20 years ago in courses in CMM on advanced undergraduate level, and has through the years successively penetrated through the system to the basic education in calculus and linear algebra. Our aim has become to develop a complete program for mathematics education in science and engineering from basic undergrauduate to graduate education. As of now our program contains the series of books:

1. Computational Differential Equations, (CDE)

2. Applied Mathematics: Body & Soul I-III, (AM I-III)

3. Applied Mathematics: Body & Soul VI-, (AM IV-).

AM I-III is the present book in three volumes I-III covering the basics of calculus and linear algebra. AM IV- offers a continuation with a series of volumes dedicated to specific areas of applications such as Dynamical Systems (IV), Fluid Mechanics (V), Solid Mechanics (VI) and Electromagnetics (VII), which will start appearing in 2003. CDE published in 1996 may be be viewed as a first version of the whole Applied Mathematics: Body & Soul project.

Our program also contains a variety of software (collected in the Mathematics Laboratory), and by complementary material with step-by step instructions for self-study, problems with solutions, and projects, all freely available on-line. Our ambition is to be able to offer a “box” containing a set of books, software and additional instructional material, which can serve as a basis for a full applied mathematics program in science and engineering from basic to graduate level. Of course, we hope this to be an on-going project with new material being added gradually.

We have been running an applied mathematics program based on AM from first year for the students of chemical engineering at Chalmers since the Fall 99, and we have used collectedvarious advanced undergraduate courses

Preface v

Main features of the program

• the program is based on a synthesis of mathematics, computation and application

• the program is based on new literature, giving a new unified presentation from start based on constructive mathematical methods including a computational methodology for differential equations

• the program contains, as an integrated part, software on different levels of complexity

• the student acquires solid skills of implementing computational methods and developing applications and software on a Matlab platform

• the synthesis of mathematics and computation opens the mathematics education to applications, and gives a basis for the effective use of modern mathematical methods in mechanics, physics, chemistry and applied subjects

• the synthesis building on constructive mathematics gives a synergetic effect allowing the study of complex systems already in the basic education, including the basic models of mechanical systems, heat conduction, wave propagation, elasticity, fluid flow, electro-magnetism, reaction-diffusion, molecular dynamcis and corresponding coupled multiphysics problems

• the program increases the motivation of the student by applying mathematical methods to interesting and important concrete problems already from the start

• emphasis may be put on problem solving, project work and presentation

• the program gives theoretical and computational tools and builds confidence

• the program contains most of the traditional material from basic courses in analysis and linear algebra

• the program includes much material often left out in traditional programs such as constructive proofs of all the basic theorems in analysis and linear algebra and advanced topics such as nonlinear systems of algebraic/differential equations

• emphasis is put on giving the student a solid understanding of basic mathematical concepts such as real numbers, Cauchy sequences, Lipschitz continuity, and constructive tools for solving algebraic/differential equations, together with an ability to utilize these tools in advanced applications such as molecular dynamics.

vi Preface

• the program may be run on different levels of ambition concerning both mathematical analysis and computation, while keeping a common basic core.

AM I-III in brief

Roughly speaking, AM I-III contains a synthesis of calculus and linear algebra including computational methods and a variety of applications. Emphasis is put on constructive/computational methods with the double aim of making the mathematics both understandable and useful. Our ambition is to introduce the student early to both (from the perspective of traditional education) advanced mathematical concepts (such as Lipschitz continuity, Cauchy sequence, contraction mapping, initial-value problem for systems of differential equations), and advanced applications such as Lagrangian mechanics, n-body systems, population models, elasticity and electrical circuits, with an approach based on constructive/computational methods.

The idea is thus that making the student comfortable with both advanced mathematical concepts and modern computational techniques, will open a wealth of possibilities of applying mathematics to problems of real interest. This is in contrast to the traditional education where the emphasis is usually put on a set of analytical techniques within a conceptual framework of more limited scope. For example: we lead already in the second quarter the student to write (in Matlab) his/her own solver for general systems of ordinary differential equations based on mathematically sound principles (high conceptual and computational level), while traditional education at the same time often focuses on training the student to master a bag of tricks for symbolic integration. We also teach the student some tricks to that purpose, but our over-all goal is different.

Constructive mathematics: Body & Soul

In our work we have been led to the conviction that the constructive aspects of calculus and linear algebra need to be strengthened. Of course, constructive and computational mathematics are closely related and the development of the computer has boosted computational mathematics in recent years. Mathematical modeling has two basic dual aspects: one symbolic and the other constructive-numerical, which reflect the duality between the infinite and the finite, or the continuum and the discrete. The two aspects have been closely intertwined throughout the development of modern science from the development of calculus in the work of Euler, Lagrange, Laplace and Gauss into the work of von Neumann in our time. For

Preface vii

example, Laplace’s monumental Mécanique Céleste in five volumes presents a symbolic calculus for a mathematical model of gravitation taking the form of Laplace’s equation, together with massive numerical computations giving concrete information concerning the motion of the planets in our solar system.

However, beginning with the search for rigor in the foundations of calculus in the 19th century, a split between the symbolic and constructive aspects gradually developed. The split accelerated with the invention of the electronic computer in the 1940s, after which the constructive aspects were pursued in the new fields of numerical analysis and computing sciences, primarily developed outside departments of mathematics. The unfortunate result today is that symbolic mathematics and constructive-numerical mathematics by and large are separate disciplines and are rarely taught together. Typically, a student first meets calculus restricted to its symbolic form and then much later, in a different context, is confronted with the computational side. This state of affairs lacks a sound scientific motivation and causes severe difficulties in courses in physics, mechanics and applied sciences building on mathematical modeling.

Creating from start a synthesis of constructive and symbolic mathematics representing a synthesis of Body & Soul, opens new possibilities: with computational techniques available the students may become familiar with nonlinear systems of differential equations already in early calculus, with a wealth of applications. Another consequence is that the basics of calculus including concepts like real number, Cauchy sequence, convergence, fixed point iteration, contraction mapping, is lifted out of the wardrobe of mathematical obscurities into the real world with direct practical importance. In one shot one can make mathematics education both deeper, broader and lift it to a higher level. This idea is underlying the present book, which thus in the setting of a standard engineering program, contains all the basic theorems of calculus including the proofs normally taught only in special honours courses, together with advanced applications such as systems of nonlinear differential equations. We have found that this seemingly impossible program indeed works surprisingly well. Admittedly, this is hard to believe without making real life experiments. We hope the reader will feel encouraged to do so.

Lipschitz continuity and Cauchy sequences

The usual definition of the basic concepts of continuity and derivative, which is presented in most Calculus text books today, build on the concept of limit: a function of a real valued function f(x) of a real variable x is said to be continuous at x̄ if lim_{x→x̄} f(x) = f(x̄), and f(x) is said to be viii Preface

differentiable at x̄ with derivative f^′(x̄) if lim_{x→x̄} f(x) − f(x̄) x − x̄ exists and equals f^′(x̄). We use different definitions, where the concept of limit does not intervene: we say that f(x) is Lipschitz continuous with Lipschitz constant L_f on the interval [a, b] if for all x, x̄ ∈ [a, b], we have |f(x) − f(x̄)| ≤ L_f |x − x̄|. Further, we say that f(x) is differentiable at x̄ with derivative f^′(x̄) if there is a constant K_f (x̄) such that for all x close to x̄ |f(x) − f(x̄) − f^′(x̄)(x − x̄)| ≤ K_f (x̄)|x − x̄|^2. This means that we put somewhat more stringent requirements on the concepts of continuity and differentiability than is done in the usual definitions; more precisely, we impose quantitative measures in the form of the constants L_f and K_f (x̄), whereas the usual definitions using limits are purely qualitative.

Using these more stringent definitions we avoid pathological situations, which can only be confusing to the student (in particular in the beginning), and as indicated, we avoid using the (difficult) concept of limit in a setting where in fact no limit processes are really taking place. Thus, we do not lead the student to definitions of continuity and differentiability suggesting that all the time the variable x is tending to some value x̄, that is, that all the time some kind of (strange?) limit process is taking place. In fact, continuity expresses that the difference f(x)−f(x̄) is small if x−x̄ is small, and differentiability expresses that f(x) locally is close to a linear function, and to express these facts we do not have to invoke any limit processes.

These are examples of our leading philosophy of giving Calculus a quantitative form, instead of the usual purely qualitative form, which we believe helps both understanding and precision. We believe the price to pay for these advantages is usually well worth paying, and the loss in generality are only some pathological cases of little interest. We can in a natural way relax our definitions for example to Hölder continuity, while still keeping the quantitative aspect, and thereby increase the pathology of the exceptional cases.

The usual definitions of continuity and differentiability strive for maximal generality, typically considered to be a virtue by a pure mathematician, which however has pathological side effects. With a constructive point of view the interesting world is the constructible world and maximality is not an important issue in itself.

Of course, we do not stay away from limit processes, but we concentrate on issues where the concept of limit really is central, most notably

Preface ix

in defining the concept of a real number as the limit of a Cauchy sequence of rational numbers, and a solution of an algebraic or differential equation as the limit of a Cauchy sequence of approximate solutions. Thus, we give the concept of Cauchy sequence a central role, while maintaining a constructive approach always seeking a constructive process for generating a Cauchy sequence.

In standard Calculus texts, the concepts of Cauchy sequence and Lipschitz continuity are not used, believing them to be too difficult to be presented to freshmen, while the concept of real number is left undefined (seemingly believing that a freshman is so familiar with this concept from early life that no further discussion is needed). In contrast, in our constructive approach these concepts play a central role already from start, and in particular we spend a good deal of attention to the fundamental aspect of contructibilty of real numbers (viewed as possibly neverending decimal expansions).

We emphasize that taking a constructive approach does not make mathematical life more difficult in any important way, as is often claimed by the ruling mathematical school of formalists/logicists: All theorems of interest in Calculus and Linear Algebra survive, with possibly some small unessential modifications to keep the quantitative aspect and make the proofs more precise. As a result we are able to present basic theorems such as Contraction Mapping Principle, Implicit Function Theorem, Inverse Function Theorem, Convergence of Newton’s Method, in a setting of several variables with complete proofs as a part of our basic Calculus, while these results in the standard curriculum are considered to be way to difficult for this level.

Proofs and Theorems

Most mathematics books including Calculus texts follow a theorem-proof style, where first a theorem is presented and then a corresponding proof is given. This is seldom appreciated very much by the students, who often have difficulties with the role and nature of the proof concept.

We usually turn this around and first present an line of thought leading to some result, and then we state a corresponding theorem as a summary of the hypothesis and the main result. We thus rather use a proof-theorem format. We believe this is in fact often more natural than the theorem-proof style, since by first presenting the line of thought the different ingredients like hypothesis may be introduced in a logical order. The proof will then be just like any other line of thought, where one successively derives consequences from some starting point using different hypothesis as one goes along. We hope this will help to eliminate the often perceived mystery of proofs, simply because the student will not be aware of the fact that that x Preface

a proof is being presented; it will just a logical line of thought, like any logical line of thought in everyday life. Only when the line of thought is finished, one may go back and call it a proof, and in a theorem collect the main result arrived at including the required hypothesis. As a consequence, in the Latex version of the book we do use a theorem-environment, but not any proof-environment; the proof is just a logical line of thought preceeding a theorem collecting the hypothesis and the main result.

The Mathematics Laboratory

We have developed various pieces of software to support our program into what we refer to as the Mathematics Laboratory. Some of the software serves the purpose of illustrating mathematical concepts such as roots of equations, Lipschitz continuity, fixed point iteration, differentiability, the definition of the integral, basis calculus for functions of several varibles, other pieces are supposed to be used as models for the students own computer realizations, and finally some pieces are aimed at applications such as solvers for differential equations. New pieces are being added continuously. Our ambition is to also add different multi-media realizations of various parts of the material.

In our program the students get a training from start in using Matlab as a tool for computation. The development of the constructive mathematical aspects of the basic topics of real numbers, functions, equations, derivatives and integrals, goes hand in hand with experience of solving equations with fixed point iteration or Newton’s method, quadrature, and numerical methods or differential equations. The students see from their own experience that abstract symbolic concepts have roots down into constructive computation, which also gives a direct coupling to applications and physical reality.

Acknowledgment

The authors of this book want to sincerely thank the following collegues and graduate students for contributing valuable material, corrections and suggestions for improvement: Rickard Bergström, Niklas Eriksson, Johan Hoffman, Mats Larson, Stig Larsson, Mårten Levenstam, Anders Logg, Klas Samuelsson and Nils Svanstedt, all actively participating in the development our reform project. And again, sincere thanks to all the students of chemical engineeering at Chalmers who carried the burden of being exposed to new material often in incomplete form, and who have given much of enthusiastic criticism and feed-back.

Preface xi

My heart is sad and lonely for you I sigh, dear, only Why haven’t you seen it I’m all for you body and soul (Green, Body and Soul) xii Preface

This is page xiii Printer: Opaque this

Contents

Preface iii

1 What is mathematics? 1 1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 The modern world: automatized production and computation 1 1.3 The role of mathematics . . . . . . . . . . . . . . . . . . . . 4 1.4 Design and production of cars . . . . . . . . . . . . . . . . . 5 1.5 Navigation: from stars to GPS . . . . . . . . . . . . . . . . 9 1.6 Medical tomography . . . . . . . . . . . . . . . . . . . . . . 9 1.7 Molecular dynamics and medical drug design . . . . . . . . 11 1.8 Weather prediction and global warming . . . . . . . . . . . 12 1.9 Economy: stocks and options . . . . . . . . . . . . . . . . . 12 1.10 Languages . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.11 Mathematics as the language of science . . . . . . . . . . . 14 1.12 The basic areas of mathematics . . . . . . . . . . . . . . . . 14 1.13 What is science? . . . . . . . . . . . . . . . . . . . . . . . . 15 1.14 What is conscience? . . . . . . . . . . . . . . . . . . . . . . 16 1.15 How to come to grips with the difficulties of

understanding the material of this book and eventually view it as a good friend . . . . . . . . . . . . . . 16

2 The Mathematics Laboratory 21 2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2 Math Experience . . . . . . . . . . . . . . . . . . . . . . . . 22 xiv Contents

3 Introduction to modeling 27 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.2 The Dinner Soup model . . . . . . . . . . . . . . . . . . . . 27 3.3 The Muddy Yard model . . . . . . . . . . . . . . . . . . . . 30 3.4 A system of equations: Dinner Soup/Ice Cream model . . . 31 3.5 Formulating and solving equations . . . . . . . . . . . . . . 32

4 A very short Calculus course 35 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 4.2 Algebraic equations . . . . . . . . . . . . . . . . . . . . . . . 36 4.3 Differential equations . . . . . . . . . . . . . . . . . . . . . . 36 4.4 Generalization . . . . . . . . . . . . . . . . . . . . . . . . . 41 4.5 Leibniz’ teen-age dream . . . . . . . . . . . . . . . . . . . . 43 4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.7 Leibniz: Inventor of Calculus and Universal Genious . . . . 46

5 Natural Numbers and Integers 49 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 5.2 The natural numbers . . . . . . . . . . . . . . . . . . . . . . 50 5.3 Is there a largest natural number? . . . . . . . . . . . . . . 53 5.4 The set N of all natural numbers . . . . . . . . . . . . . . . 54 5.5 Integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 5.6 Absolute value and the distance between numbers . . . . . 58 5.7 Division with remainder . . . . . . . . . . . . . . . . . . . . 59 5.8 Factorization into prime factors . . . . . . . . . . . . . . . . 60 5.9 Computer representation of integers . . . . . . . . . . . . . 61

6 Mathematical induction 65 6.1 Induction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 6.2 Changes in a population of insects . . . . . . . . . . . . . . 70

7 Rational numbers 73 7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 7.2 How to construct the rational numbers . . . . . . . . . . . . 74 7.3 On the need for rational numbers . . . . . . . . . . . . . . . 77 7.4 Decimal expansions of rational numbers . . . . . . . . . . . 77 7.5 Periodic decimal expansions of rational numbers . . . . . . 78 7.6 Set notation . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 7.7 The set Q of all rational numbers . . . . . . . . . . . . . . . 83 7.8 The rational number line and intervals . . . . . . . . . . . . 84 7.9 Growth of bacteria . . . . . . . . . . . . . . . . . . . . . . . 85 7.10 Chemical equilibrium . . . . . . . . . . . . . . . . . . . . . . 87

8 Pythagoras and Euclid 89 8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Contents xv

8.2 Pythagoras theorem . . . . . . . . . . . . . . . . . . . . . . 89 8.3 The sum of the angles of a triangle is 180^∘ . . . . . . . . . . 91 8.4 Similar triangles . . . . . . . . . . . . . . . . . . . . . . . . 93 8.5 When are two straight lines orthogonal? . . . . . . . . . . . 94 8.6 The GPS Navigator . . . . . . . . . . . . . . . . . . . . . . 96 8.7 Geometric definition of sin(v) and cos(v) . . . . . . . . . . . 99 8.8 Geometric proof of addition formulas for cos(v) . . . . . . . 99 8.9 Remembering some area formulas . . . . . . . . . . . . . . . 101 8.10 Greek mathematics . . . . . . . . . . . . . . . . . . . . . . . 101 8.11 The Euclidean plane Q^2 . . . . . . . . . . . . . . . . . . . . 103 8.12 From Pythagoras to Euclid to Descartes . . . . . . . . . . . 104 8.13 Non-Euclidean geometry . . . . . . . . . . . . . . . . . . . . 104

9 What is a Function? 107 9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 9.2 Functions in daily life . . . . . . . . . . . . . . . . . . . . . 110 9.3 Graphing functions of integers . . . . . . . . . . . . . . . . . 113 9.4 Graphing functions of rational numbers . . . . . . . . . . . 117 9.5 A function of two variables . . . . . . . . . . . . . . . . . . 119 9.6 Functions of several variables . . . . . . . . . . . . . . . . . 120

10 Polynomial functions 123 10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 123 10.2 Linear polynomials . . . . . . . . . . . . . . . . . . . . . . . 124 10.3 Parallel lines . . . . . . . . . . . . . . . . . . . . . . . . . . 128 10.4 Orthogonal lines . . . . . . . . . . . . . . . . . . . . . . . . 129 10.5 Quadratic polynomials . . . . . . . . . . . . . . . . . . . . . 130 10.6 Arithmetic with polynomials . . . . . . . . . . . . . . . . . 134 10.7 Graphs of general polynomials . . . . . . . . . . . . . . . . 140 10.8 Piecewise polynomial functions . . . . . . . . . . . . . . . . 142

11 Combinations of functions 147 11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 11.2 Sum of two functions and product of a function with a number148 11.3 Linear combinations of functions . . . . . . . . . . . . . . . 148 11.4 Multiplication and division of functions . . . . . . . . . . . 149 11.5 Rational functions . . . . . . . . . . . . . . . . . . . . . . . 149 11.6 The composition of functions . . . . . . . . . . . . . . . . . 152

12 Lipschitz continuity 155 12.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 155 12.2 The Lipschitz continuity of a linear function . . . . . . . . . 156 12.3 The definition of Lipschitz continuity . . . . . . . . . . . . . 157 12.4 Monomials . . . . . . . . . . . . . . . . . . . . . . . . . . . 161 12.5 Linear combinations of functions . . . . . . . . . . . . . . . 163 xvi Contents

12.6 Bounded functions . . . . . . . . . . . . . . . . . . . . . . . 164 12.7 The product of functions . . . . . . . . . . . . . . . . . . . . 166 12.8 The quotient of functions . . . . . . . . . . . . . . . . . . . 166 12.9 The composition of functions . . . . . . . . . . . . . . . . . 167 12.10Functions of two rational variables . . . . . . . . . . . . . . 168 12.11Functions of several rational variables . . . . . . . . . . . . 169

13 Sequences and limits 173 13.1 A first encounter with sequences and limits . . . . . . . . . 173 13.2 Socket wrench sets . . . . . . . . . . . . . . . . . . . . . . . 175 13.3 J.P. Johansson’s adjustable wrenches . . . . . . . . . . . . . 177 13.4 The power of language: from infinitely many to one . . . . . 177 13.5 The ϵ − N definition of a limit . . . . . . . . . . . . . . . . 178 13.6 A converging sequence has a unique limit . . . . . . . . . . 182 13.7 Lipschitz continuous functions and converging sequences . . 183 13.8 Generalization to functions of two variables . . . . . . . . . 184 13.9 Computing limits . . . . . . . . . . . . . . . . . . . . . . . . 185 13.10Computer representation of rational numbers . . . . . . . . 188 13.11Sonya Kovalevskaya: The first woman on a chair in mathematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

14 The squareroot of two 195 14.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 195 14.2 √ 2 is not a rational number! . . . . . . . . . . . . . . . . . 197 14.3 Computing √ 2 by the Bisection algorithm . . . . . . . . . . 198 14.4 The Bisection algorithm converges! . . . . . . . . . . . . . . 199 14.5 First encounters with Cauchy sequences . . . . . . . . . . . 202 14.6 Computing √ 2 by the Deca-section algorithm . . . . . . . . 203

15 Real numbers 207 15.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 207 15.2 Adding and subtracting real numbers . . . . . . . . . . . . . 209 15.3 Generalization to f(x, x̄) with f Lipschitz . . . . . . . . . . 211 15.4 Multiplying and dividing real numbers . . . . . . . . . . . . 212 15.5 The absolute value . . . . . . . . . . . . . . . . . . . . . . . 212 15.6 Comparing two real numbers . . . . . . . . . . . . . . . . . 212 15.7 Summary of arithmetics with real numbers . . . . . . . . . 213 15.8 Why √ 2 √ 2 equals 2 . . . . . . . . . . . . . . . . . . . . . . 213 15.9 A reflection on the nature of √ 2 . . . . . . . . . . . . . . . 214 15.10Cauchy sequences of real numbers. . . . . . . . . . . . . . . 215 15.11Extension from f : Q → Q to f : R → R . . . . . . . . . . . 216 15.12Lipschitz continuity of extended functions . . . . . . . . . . 217 15.13Graphing functions f : R → R . . . . . . . . . . . . . . . . . 218 15.14Extending a Lipschitz continuous function . . . . . . . . . . 218 15.15Intervals of real numbers . . . . . . . . . . . . . . . . . . . . 220

Contents xvii

15.16What is f(x) if x is irrational? . . . . . . . . . . . . . . . . 221 15.17The usual definition of continuity vs Lipschitz continuity . . 223

16 The Bisection algorithm for f(x) = 0 227 16.1 Bisection . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 16.2 An example . . . . . . . . . . . . . . . . . . . . . . . . . . . 229 16.3 Computational cost . . . . . . . . . . . . . . . . . . . . . . . 232

17 Do mathematicians quarrel?* 235 17.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 235 17.2 The formalists . . . . . . . . . . . . . . . . . . . . . . . . . 237 17.3 The logicists and set theory . . . . . . . . . . . . . . . . . . 238 17.4 The constructivists . . . . . . . . . . . . . . . . . . . . . . . 241 17.5 The Peano axiom system for natural numbers . . . . . . . . 243 17.6 Real numbers . . . . . . . . . . . . . . . . . . . . . . . . . . 243 17.7 Cantor vs Kronecker . . . . . . . . . . . . . . . . . . . . . . 244 17.8 Deciding whether a number is rational or irrational . . . . . 246 17.9 The set of all possible books . . . . . . . . . . . . . . . . . . 247 17.10Recipes and good food . . . . . . . . . . . . . . . . . . . . . 248 17.11The “new math” in elementary education . . . . . . . . . . 249 17.12The search for rigor in mathematics . . . . . . . . . . . . . 249 17.13A non-constructive proof . . . . . . . . . . . . . . . . . . . . 250 17.14Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

18 The function y = x^r 255 18.1 The function √ x . . . . . . . . . . . . . . . . . . . . . . . . 255 18.2 Computing with the function √ x . . . . . . . . . . . . . . . 256 18.3 Is √ x Lipschitz continuous on R^+ ? . . . . . . . . . . . . . . 256 18.4 The function x^r, where r =^p_q is rational . . . . . . . . . . . 257 18.5 Computing with the function x^r . . . . . . . . . . . . . . . 257 18.6 Generalizing the concept of Lipschitz continuity . . . . . . . 257

19 Fixed points and contraction mapping 259 19.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 259 19.2 Contraction mappings . . . . . . . . . . . . . . . . . . . . . 260 19.3 Rewriting f(x) = 0 as x = g(x) . . . . . . . . . . . . . . . . 261 19.4 Card Sales Model . . . . . . . . . . . . . . . . . . . . . . . . 262 19.5 Private Economy Model . . . . . . . . . . . . . . . . . . . . 263 19.6 Fixed Point Iteration in the Card Sales model . . . . . . . . 264 19.7 A contraction mapping has a unique fixed point . . . . . . . 269 19.8 Generalization to g : [a, b] → [a, b] . . . . . . . . . . . . . . . 272 19.9 Linear convergence in Fixed Point Iteration . . . . . . . . . 272 19.10Quicker convergence . . . . . . . . . . . . . . . . . . . . . . 272 19.11Quadratic convergence . . . . . . . . . . . . . . . . . . . . . 275 xviii Contents

20 Analytic geometry in R^2 281 20.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 281 20.2 Descartes, Inventor of Analytic Geometry . . . . . . . . . . 282 20.3 Descartes: Dualism of Body and Soul . . . . . . . . . . . . . 282 20.4 The Euclidean plane R^2 . . . . . . . . . . . . . . . . . . . . 283 20.5 Surveyors and Navigators . . . . . . . . . . . . . . . . . . . 285 20.6 A first glimpse of vectors . . . . . . . . . . . . . . . . . . . . 286 20.7 Ordered pairs as points or vectors/arrows . . . . . . . . . . 288 20.8 Vector addition . . . . . . . . . . . . . . . . . . . . . . . . . 289 20.9 Representing vector addition via the Parallelogram Law . . 289 20.10Multiplication of a vector by a real number . . . . . . . . . 290 20.11The norm of a vector . . . . . . . . . . . . . . . . . . . . . . 291 20.12Polar representation of a vector . . . . . . . . . . . . . . . . 292 20.13Standard basis vectors in R^2 . . . . . . . . . . . . . . . . . . 294 20.14Scalar product . . . . . . . . . . . . . . . . . . . . . . . . . 294 20.15Properties of the scalar product . . . . . . . . . . . . . . . . 295 20.16Geometric interpretation of the scalar product . . . . . . . 296 20.17Orthogonality and scalar product . . . . . . . . . . . . . . . 297 20.18Projection of a vector onto a vector . . . . . . . . . . . . . . 298 20.19Rotation by 90^∘ . . . . . . . . . . . . . . . . . . . . . . . . . 301 20.20Rotation by an arbitrary angle θ . . . . . . . . . . . . . . . 302 20.21Rotation by θ again! . . . . . . . . . . . . . . . . . . . . . . 303 20.22Rotating a coordinate system . . . . . . . . . . . . . . . . . 303 20.23Vector product in R^2 . . . . . . . . . . . . . . . . . . . . . . 304 20.24The area of a triangle with a corner at the origin . . . . . . 306 20.25The area of a general triangle . . . . . . . . . . . . . . . . . 307 20.26The area of a parallelogram spanned by two vectors . . . . 308 20.27Straight lines in R^2 . . . . . . . . . . . . . . . . . . . . . . . 308 20.28Projection of a point onto a line . . . . . . . . . . . . . . . 311 20.29When are two lines parallel? . . . . . . . . . . . . . . . . . . 311 20.30A system of two linear equations in two unknowns . . . . . 312 20.31The concepts of linear independence and basis . . . . . . . . 314 20.32The connection to calculus in one variable . . . . . . . . . . 315 20.33Linear mapping f : R^2 → R . . . . . . . . . . . . . . . . . . 316 20.34Linear mapping f : R^2 → R^2 . . . . . . . . . . . . . . . . . 316 20.35Linear mapping f : R^2 → R^2 and linear system of equations 317 20.36A first encounter with 2 × 2 and 2 × 1 matrices . . . . . . . 317 20.37First applications of matrix notation . . . . . . . . . . . . . 319 20.38Addition of matrices . . . . . . . . . . . . . . . . . . . . . . 320 20.39Multiplication of a matrix by a real number . . . . . . . . . 320 20.40Multiplication of two matrices . . . . . . . . . . . . . . . . . 320 20.41The transpose of a matrix . . . . . . . . . . . . . . . . . . . 322 20.42The transpose of a 2-column vector . . . . . . . . . . . . . . 322 20.43The identity matrix . . . . . . . . . . . . . . . . . . . . . . 323 20.44The inverse of a matrix . . . . . . . . . . . . . . . . . . . . 323

Contents xix

20.45Rotation in matrix form again! . . . . . . . . . . . . . . . . 323 20.46A mirror in matrix form . . . . . . . . . . . . . . . . . . . . 324 20.47Change of basis again! . . . . . . . . . . . . . . . . . . . . . 325 20.48Queen Christina . . . . . . . . . . . . . . . . . . . . . . . . 326

21 Analytic geometry in R^3 331 21.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 331 21.2 Vector addition and multiplication by a scalar . . . . . . . . 333 21.3 Scalar product and norm . . . . . . . . . . . . . . . . . . . 333 21.4 Projection of a vector onto a vector . . . . . . . . . . . . . . 334 21.5 The angle between two vectors in R^3 . . . . . . . . . . . . . 334 21.6 Vector product . . . . . . . . . . . . . . . . . . . . . . . . . 335 21.7 Geometric interpretation of the vector product . . . . . . . 337 21.8 Connection of vector products in R^2 and R^3 . . . . . . . . . 338 21.9 Volume of parallelepiped spanned by three vectors . . . . . 338 21.10The triple product a · b × c . . . . . . . . . . . . . . . . . . 339 21.11An explicit formula for the volume V (a_1, a_2, a_3) spanned by three vectors a_1, a_2 and a_3 . . . . . . . . . . . . . . . . . . 340 21.12Lines in R^3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 341 21.13Projection of a point onto a line . . . . . . . . . . . . . . . 342 21.14Planes in R^3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 342 21.15The intersection of a line and a plane . . . . . . . . . . . . . 345 21.16Two intersecting planes define a line . . . . . . . . . . . . . 345 21.17Projection of a point onto a plane . . . . . . . . . . . . . . 346 21.18Distance from a point to a plane . . . . . . . . . . . . . . . 347 21.19Rotation around a given vector . . . . . . . . . . . . . . . . 348 21.20Lines and planes through the origin are subspaces of R^3 . . 349 21.21Systems of 3 linear equations in 3 unknowns . . . . . . . . . 349 21.22Solving a 3 × 3-system by Gaussian elimination . . . . . . . 350 21.233 × 3 matrices: sum, product and transpose . . . . . . . . . 352 21.24Two different ways of viewing a system of linear equations . 354 21.25Non-singular 3 × 3 matrices . . . . . . . . . . . . . . . . . . 355 21.26The inverse of a matrix . . . . . . . . . . . . . . . . . . . . 355 21.27Different bases in R^3 . . . . . . . . . . . . . . . . . . . . . . 356 21.28Linearly independent set of vectors {a_1, a_2, a_3} in R^3 . . . . 356 21.29Orthogonal matrices . . . . . . . . . . . . . . . . . . . . . . 357 21.30Linear transformations versus matrices . . . . . . . . . . . . 357 21.31The scalar product is invariant under orthogonal transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 358 21.32Looking ahead to functions f : R^3 → R^3 . . . . . . . . . . . 359 21.33Unity of Body and Soul . . . . . . . . . . . . . . . . . . . . 359

22 Complex numbers 365 22.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 365 22.2 Addition and multiplication of complex numbers . . . . . . 366 xx Contents

22.3 The triangle inequality for complex numbers . . . . . . . . . 367 22.4 Open domains in C . . . . . . . . . . . . . . . . . . . . . . . 368 22.5 Polar representation of complex numbers . . . . . . . . . . . 368 22.6 Geometrical interpretation of multiplication of complex numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 369 22.7 Complex conjugation . . . . . . . . . . . . . . . . . . . . . . 369 22.8 Division of complex numbers . . . . . . . . . . . . . . . . . 370 22.9 The Fundamental Theorem of Algebra . . . . . . . . . . . . 370 22.10Roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 371 22.11Solving a quadratic equation w^2 + 2bw + c = 0 . . . . . . . 371 22.12Gösta Mittag-Leffler . . . . . . . . . . . . . . . . . . . . . . 371

23 The derivative 375 23.1 Rates of change . . . . . . . . . . . . . . . . . . . . . . . . . 375 23.2 Paying taxes . . . . . . . . . . . . . . . . . . . . . . . . . . 376 23.3 Hiking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379 23.4 Definition of the derivative . . . . . . . . . . . . . . . . . . 379 23.5 The derivative of a linear function is constant . . . . . . . . 382 23.6 The derivative of x^2 is 2x . . . . . . . . . . . . . . . . . . . 383 23.7 The derivative of x^n is nx^{n−1} . . . . . . . . . . . . . . . . . 384 23.8 The derivative of^1_x is −^1_{x2} for x ≠ 0 . . . . . . . . . . . . . 385 23.9 The derivative f^′(x̄) as a function of x̄ . . . . . . . . . . . . 385 23.10Denoting the derivative of f(x) by Df(x) . . . . . . . . . . 386 23.11Denoting the derivative of f(x) by^{df}_{dx} . . . . . . . . . . . . 387 23.12The derivative as a limit of difference quotients . . . . . . . 387 23.13How to compute a derivative? . . . . . . . . . . . . . . . . . 389 23.14Uniform differentiability on an interval . . . . . . . . . . . . 391 23.15Bounded derivative implies Lipschitz continuity . . . . . . . 392 23.16Connecting to a slightly different definition of the derivative 394 23.17Swedenborg . . . . . . . . . . . . . . . . . . . . . . . . . . . 394

24 Differentiation rules 397 24.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 397 24.2 The Linear Combination rule . . . . . . . . . . . . . . . . . 398 24.3 The Product rule . . . . . . . . . . . . . . . . . . . . . . . . 399 24.4 The Chain rule . . . . . . . . . . . . . . . . . . . . . . . . . 400 24.5 The Quotient rule . . . . . . . . . . . . . . . . . . . . . . . 401 24.6 Derivatives of derivatives: f^{(n)} = D^nf =^{dnf}_{dxn} . . . . . . . . 402 24.7 One-sided derivatives . . . . . . . . . . . . . . . . . . . . . . 403 24.8 Quadratic approximation: Taylor’s formula of order two . . 404 24.9 The derivative of an inverse function . . . . . . . . . . . . . 407 24.10Implicit differentiation . . . . . . . . . . . . . . . . . . . . . 408 24.11Partial derivatives . . . . . . . . . . . . . . . . . . . . . . . 409 24.12A sum up so far . . . . . . . . . . . . . . . . . . . . . . . . . 411

Contents xxi

25 Newton’s method 413 25.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 413 25.2 Convergence of fixed point iteration . . . . . . . . . . . . . 413 25.3 Newton’s method . . . . . . . . . . . . . . . . . . . . . . . . 414 25.4 Newton’s method converges quadratically . . . . . . . . . . 415 25.5 A geometric interpretation of Newton’s method . . . . . . . 416 25.6 What is the error in an approximate root? . . . . . . . . . . 417 25.7 Stopping criterion . . . . . . . . . . . . . . . . . . . . . . . 419 25.8 Globally convergent Newton methods . . . . . . . . . . . . 420

26 Galileo, Newton, Hooke, Malthus and Fourier 423 26.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 423 26.2 Newton’s Law of motion . . . . . . . . . . . . . . . . . . . . 424 26.3 Galileo’s Law of motion . . . . . . . . . . . . . . . . . . . . 424 26.4 Hooke’s Law . . . . . . . . . . . . . . . . . . . . . . . . . . 427 26.5 Newton’s Law plus Hooke’s Law . . . . . . . . . . . . . . . 428 26.6 Fourier’s Law for heat flow . . . . . . . . . . . . . . . . . . 429 26.7 Newton and rocket propulsion . . . . . . . . . . . . . . . . . 430 26.8 Malthus and population growth . . . . . . . . . . . . . . . . 432 26.9 Einstein’s Law of motion . . . . . . . . . . . . . . . . . . . . 433 26.10Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 434

I Integrals Geometry in R^n u(xN ) − u(x0) = ∫_{xN} x0 u^′(x) dx

≈ ∑_N j=1 u^′(xj−1)(xj − xj−1) a · b = a1b1 + a2b2 + · · · + anbn 437

27 The Integral 439 27.1 Primitive functions and integrals . . . . . . . . . . . . . . . 439 27.2 Primitive function of f(x) = x^m for m = 0, 1, 2, ... . . . . . . 443 27.3 Primitive function of f(x) = x^m for m = −2, −3, ... . . . . . 444 27.4 Primitive function of f(x) = x^r for r ≠ −1 and x > 0 . . . . 444 27.5 A quick overview of the progress so far . . . . . . . . . . . . 445 27.6 A “very quick proof” of the Fundamental Theorem . . . . . 445 27.7 A “quick proof” of the Fundamental Theorem . . . . . . . . 447 27.8 A proof of the Fundamental Theorem of Calculus . . . . . . 448 27.9 Comments on the notation . . . . . . . . . . . . . . . . . . 455 27.10Alternative computational methods . . . . . . . . . . . . . . 455 27.11The bicyclist’s speedometer . . . . . . . . . . . . . . . . . . 456 27.12Geometrical interpretation of the integral . . . . . . . . . . 456 xxii Contents

27.13The integral as a limit of Riemann sums . . . . . . . . . . . 459 27.14An Analog Integrator . . . . . . . . . . . . . . . . . . . . . 459

28 Properties of the integral 463 28.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 463 28.2 Reversing the order of upper and lower limits . . . . . . . . 464 28.3 The whole is equal to the sum of the parts . . . . . . . . . . 464 28.4 Integrating piecewise Lipschitz continuous functions . . . . 465 28.5 Linearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 466 28.6 Monotonicity . . . . . . . . . . . . . . . . . . . . . . . . . . 467 28.7 The triangle inequality for integrals . . . . . . . . . . . . . . 467 28.8 Differentiation and integration are inverse operations . . . . 468 28.9 Change of variables or substitution . . . . . . . . . . . . . . 469 28.10Integration by parts . . . . . . . . . . . . . . . . . . . . . . 471 28.11The Mean Value Theorem . . . . . . . . . . . . . . . . . . . 472 28.12A function with non-negative derivative is non-decreasing . 474 28.13A function with zero derivative is constant . . . . . . . . . . 474 28.14Bounded derivative implies Lipschitz continuity (again) . . 475 28.15Taylor’s theorem . . . . . . . . . . . . . . . . . . . . . . . . 475 28.16October 29, 1675 . . . . . . . . . . . . . . . . . . . . . . . . 478 28.17The hodometer . . . . . . . . . . . . . . . . . . . . . . . . . 479

29 The logarithm log(x) 483 29.1 The definition of log(x) . . . . . . . . . . . . . . . . . . . . 483 29.2 The importance of the logarithm . . . . . . . . . . . . . . . 484 29.3 Properties: log(ab) = log(a) + log(b) and log(a^r) = r log(a) . 485

30 Numerical quadrature 489 30.1 Computing integrals . . . . . . . . . . . . . . . . . . . . . . 489 30.2 The integral as a limit of Riemann sums: again . . . . . . . 493 30.3 The midpoint rule . . . . . . . . . . . . . . . . . . . . . . . 494 30.4 Adaptive quadrature . . . . . . . . . . . . . . . . . . . . . . 495

31 The exponential function exp(x) = e^x 501 31.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 501 31.2 Construction of the exponential function exp(x) for x ≥ 0 . 503 31.3 Construction of exp(−x) for x ≥ 0 . . . . . . . . . . . . . . 508 31.4 The exponential exp(x) for x ∈ R . . . . . . . . . . . . . . . 508 31.5 The basic property of the exponential: exp(a+b) = exp(a) exp(b)508 31.6 The inverse of the exponential is the logarithm . . . . . . . 510 31.7 The function a^x with a > 0 and x ∈ R . . . . . . . . . . . . 511

32 Trigonometric Functions 515 32.1 The defining differential equation . . . . . . . . . . . . . . . 515 32.2 Trigonometric formulas . . . . . . . . . . . . . . . . . . . . 519

Contents xxiii

32.3 The functions tan(x) and cot(x) and their derivatives . . . 520 32.4 Inverses of trigonometric functions . . . . . . . . . . . . . . 521 32.5 The functions sinh(x) and cosh(x) . . . . . . . . . . . . . . 523 32.6 The hanging chain . . . . . . . . . . . . . . . . . . . . . . . 524 32.7 Comparing solutions of u^{′′} + k^2u(x) = 0 and u^{′′} − k^2u(x) = 0 525

33 The functions exp(z), log(z), sin(z) and cos(z) for z ∈ C 527 33.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 527 33.2 Definition of exp(z) for z ∈ C . . . . . . . . . . . . . . . . . 527 33.3 Definition of sin(z) and cos(z) for z ∈ C . . . . . . . . . . . 528 33.4 de Moivres formula . . . . . . . . . . . . . . . . . . . . . . . 528 33.5 Definition of log(z) . . . . . . . . . . . . . . . . . . . . . . . 529

34 Techniques of Integration 531 34.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 531 34.2 Rational functions: the simple cases . . . . . . . . . . . . . 532 34.3 Rational functions: partial fractions . . . . . . . . . . . . . . 533 34.4 A product of a polynomial function and a trigonometric or exponential function . . . . . . . . . . . . . . . . . . . . . . 538 34.5 Combination of trigonometric and root functions . . . . . . 538 34.6 Products of exponential and trigonometric functions . . . . 538 34.7 Products of polynomials and logarithms . . . . . . . . . . . 539

35 Solving differential equations using the exponential 541 35.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 541 35.2 Generalization to u^′(x) = λ(x)u(x) + f(x) . . . . . . . . . . 542 35.3 The equation u^{′′}(x) − u(x) = 0 . . . . . . . . . . . . . . . . 546 35.4 The differential equation ∑_n k=0 a_kD^ku(x) = 0 . . . . . . . . 547 35.5 The differential equation ∑_n k=0 a_kD^ku(x) = f(x) . . . . . . 548 35.6 Euler’s differential equation . . . . . . . . . . . . . . . . . . 549

36 Improper integrals 551 36.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 551 36.2 Integrals over unbounded intervals . . . . . . . . . . . . . . 551 36.3 Integrals of unbounded functions . . . . . . . . . . . . . . . 553

37 Series 557 37.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 557 37.2 Definition of convergent infinite series . . . . . . . . . . . . 558 37.3 Positive series . . . . . . . . . . . . . . . . . . . . . . . . . . 559 37.4 Absolutely convergent series . . . . . . . . . . . . . . . . . . 561 37.5 Alternating series . . . . . . . . . . . . . . . . . . . . . . . . 562 37.6 The series ∑_∞ i=1 1 i theoretically diverges! . . . . . . . . . . . 563 37.7 Abel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 564 xxiv Contents

38 Scalar autonomous initial value problems 567 38.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 567 38.2 An analytical solution formula . . . . . . . . . . . . . . . . 568 38.3 Construction of the solution . . . . . . . . . . . . . . . . . . 571

39 Separable scalar initial value problems 575 39.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 575 39.2 An analytical solution formula . . . . . . . . . . . . . . . . 576 39.3 Volterra-Lotka’s predator-prey model . . . . . . . . . . . . . 578 39.4 A generalization . . . . . . . . . . . . . . . . . . . . . . . . 579

40 The general initial value problem 583 40.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 583 40.2 Determinism and materialism . . . . . . . . . . . . . . . . . 585 40.3 Predictability and computability . . . . . . . . . . . . . . . 585 40.4 Construction of the solution . . . . . . . . . . . . . . . . . . 587 40.5 Computational work . . . . . . . . . . . . . . . . . . . . . . 588 40.6 Extension to second order initial value problems . . . . . . 589 40.7 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . 589

41 Calculus Tool Bag I 593 41.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 593 41.2 Rational numbers . . . . . . . . . . . . . . . . . . . . . . . . 593 41.3 Real numbers. Sequences and limits . . . . . . . . . . . . . 594 41.4 Polynomials and rational functions . . . . . . . . . . . . . . 594 41.5 Lipschitz continuity . . . . . . . . . . . . . . . . . . . . . . 595 41.6 Derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . 595 41.7 Differentiation rules . . . . . . . . . . . . . . . . . . . . . . 595 41.8 Solving f(x) = 0 with f : R → R . . . . . . . . . . . . . . . 596 41.9 Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 596 41.10The logarithm . . . . . . . . . . . . . . . . . . . . . . . . . . 598 41.11The exponential . . . . . . . . . . . . . . . . . . . . . . . . . 598 41.12The trigonometric functions . . . . . . . . . . . . . . . . . . 599 41.13List of primitive functions . . . . . . . . . . . . . . . . . . . 601 41.14Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 601 41.15Separable scalar initial value problems . . . . . . . . . . . . 602

42 Analytic geometry in R^n 603 42.1 Introduction and survey of basic objectives . . . . . . . . . 603 42.2 Body/Soul and Artificial Intelligence . . . . . . . . . . . . . 606 42.3 R^n as a vector space. Addition and scalar multiplication. . . 606 42.4 Scalar product, orthogonality . . . . . . . . . . . . . . . . . 607 42.5 Cauchy’s inequality . . . . . . . . . . . . . . . . . . . . . . . 608 42.6 Vector space of linear combinations of a set of vectors . . . 609 42.7 The standard basis . . . . . . . . . . . . . . . . . . . . . . . 610

Contents xxv

42.8 Linear independence . . . . . . . . . . . . . . . . . . . . . . 611 42.9 Elimination of linearly dependent elements gives a basis of a subspace . . . . . . . . . . . . . . . . . . . . . . . . . . . . 611 42.10Constructing a basis for S(a_1, ..., a_n) by reduction to column echelon form . . . . . . . . . . . . . . . . . . . . . . . . . . 612 42.11Determining R(A) by reduction to column echelon form . . 614 42.12Determining N(A) by reduction to row echelon form . . . . 616 42.13Gaussian elimination . . . . . . . . . . . . . . . . . . . . . . 618 42.14A basis for R^n contains n vectors . . . . . . . . . . . . . . . 618 42.15Coordinates in different bases . . . . . . . . . . . . . . . . . 620 42.16Linear functions f : R^n → R . . . . . . . . . . . . . . . . . . 621 42.17Linear transformations f : R^n → R^m . . . . . . . . . . . . . 621 42.18Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 622 42.19Matrix calculus . . . . . . . . . . . . . . . . . . . . . . . . . 622 42.20The transpose of a linear transformation . . . . . . . . . . . 625 42.21Matrix norms . . . . . . . . . . . . . . . . . . . . . . . . . . 625 42.22Lipschitz constant of a linear transformation . . . . . . . . 626 42.23Volume in R^n . Determinant. Permutations . . . . . . . . . . 627 42.24Definition of the volume V (a_1, ...a_n) . . . . . . . . . . . . . 628 42.25The volume V (a_1, a_2) in R^2 . . . . . . . . . . . . . . . . . . 629 42.26The volume V (a_1, a_2, a_3) in R^3 . . . . . . . . . . . . . . . . 629 42.27The volume V (a_1, a_2, a_3, a_4) in R^4 . . . . . . . . . . . . . . 630 42.28The volume V (a_1, ..., a_n) in R^n . . . . . . . . . . . . . . . . 630 42.29The determinant of a triangular matrix . . . . . . . . . . . 631 42.30Computing det A = V (a_1, ..., a_n) by reduction to column echelon form . . . . . . . . . . . . . . . . . . . . . . . . . . 631 42.31The magic formula det AB = det A det B . . . . . . . . . . . 631 42.32Test of linear independence . . . . . . . . . . . . . . . . . . 632 42.33Cramer’s solution formula for non-singular n × n systems. . 633 42.34Inverse matrix . . . . . . . . . . . . . . . . . . . . . . . . . 635 42.35Projection onto a subspace . . . . . . . . . . . . . . . . . . 635 42.36An equivalent characterization of the projection . . . . . . . 636 42.37Orthogonal decomposition. Pythagoras theorem . . . . . . . 637 42.38Properties of projections . . . . . . . . . . . . . . . . . . . . 638 42.39Orthogonalization: the Gram-Schmidt process . . . . . . . . 639 42.40Orthogonal matrix . . . . . . . . . . . . . . . . . . . . . . . 639 42.41Invariance of the scalar product under orthogonal transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 640 42.42The QR-decomposition . . . . . . . . . . . . . . . . . . . . . 640 42.43The Fundamental Theorem of Linear Algebra . . . . . . . . 640 42.44Change of basis: coordinates and matrix representations . . 642 42.45Least squares methods . . . . . . . . . . . . . . . . . . . . . 643

43 The Spectral Theorem 647 43.1 Eigenvalues and eigenvectors . . . . . . . . . . . . . . . . . 647 xxvi Contents

43.2 Basis of eigenvectors . . . . . . . . . . . . . . . . . . . . . . 649 43.3 The Spectral Theorem for symmetric matrices: easy version 650 43.4 Applying the Spectral Theorem to an IVP . . . . . . . . . . 651 43.5 The Spectral Theorem for symmetric matrices: general case 652 43.6 The norm of a symmetric matrix . . . . . . . . . . . . . . . 654 43.7 Extension to non-symmetric real matrices . . . . . . . . . . 655

44 Solving linear algebraic systems 657 44.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 657 44.2 Direct methods . . . . . . . . . . . . . . . . . . . . . . . . . 658 44.3 Direct methods for special systems . . . . . . . . . . . . . . 664 44.4 Iterative methods . . . . . . . . . . . . . . . . . . . . . . . . 667 44.5 Estimating the error of the solution . . . . . . . . . . . . . . 678

45 Linear Algebra Tool Bag 687 45.1 Linear algebra in R^2 . . . . . . . . . . . . . . . . . . . . . . 687 45.2 Linear algebra in R^3 . . . . . . . . . . . . . . . . . . . . . . 688 45.3 Linear algebra in R^n . . . . . . . . . . . . . . . . . . . . . . 688 45.4 Linear transformations and matrices . . . . . . . . . . . . . 689 45.5 Determinant and volume . . . . . . . . . . . . . . . . . . . . 690 45.6 Cramer’s formula . . . . . . . . . . . . . . . . . . . . . . . . 691 45.7 Inverse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 691 45.8 Projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . 691 45.9 The Fundamental Theorem of Linear Algebra . . . . . . . . 691 45.10The QR-decomposition . . . . . . . . . . . . . . . . . . . . . 692 45.11Change of basis . . . . . . . . . . . . . . . . . . . . . . . . . 692 45.12Least squares method . . . . . . . . . . . . . . . . . . . . . 692 45.13Eigenvalues and eigenvectors . . . . . . . . . . . . . . . . . 692 45.14The Spectral Theorem . . . . . . . . . . . . . . . . . . . . . 692

46 The matrix exponential exp(xA) 695 46.1 Analytic computation of exp(xA) if A is diagonalizable . . . 696 46.2 Properties of exp(Ax) . . . . . . . . . . . . . . . . . . . . . 698 46.3 Duhamel’s formula . . . . . . . . . . . . . . . . . . . . . . . 698

47 Lagrange and the Principle of Least Action* 701 47.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 701 47.2 Mass-spring system . . . . . . . . . . . . . . . . . . . . . . . 703 47.3 Pendulum with fixed support . . . . . . . . . . . . . . . . . 704 47.4 Pendulum with moving support . . . . . . . . . . . . . . . . 705 47.5 The Principle of Least Action . . . . . . . . . . . . . . . . . 705 47.6 Conservation of the total energy . . . . . . . . . . . . . . . 707 47.7 The double pendulum . . . . . . . . . . . . . . . . . . . . . 707 47.8 The two-body problem . . . . . . . . . . . . . . . . . . . . . 708 47.9 Stability of the motion of a pendulum . . . . . . . . . . . . 709

Contents xxvii

48 N-body systems* 711 48.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 711 48.2 Masses and springs . . . . . . . . . . . . . . . . . . . . . . . 712 48.3 The N-body problem . . . . . . . . . . . . . . . . . . . . . . 714 48.4 Masses, springs and dashpots: small displacements . . . . . 715 48.5 Adding dashpots . . . . . . . . . . . . . . . . . . . . . . . . 716 48.6 The linear oscillator . . . . . . . . . . . . . . . . . . . . . . 717 48.7 The damped linear oscillator . . . . . . . . . . . . . . . . . 718 48.8 Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 719

49 The Crash model* 723 49.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 723 49.2 The simplified growth model . . . . . . . . . . . . . . . . . 724 49.3 The simplified decay model . . . . . . . . . . . . . . . . . . 726 49.4 The full model . . . . . . . . . . . . . . . . . . . . . . . . . 727

50 Electrical circuits* 731 50.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 731 50.2 The components: inductors, resistors and capacitors . . . . 732 50.3 Building circuits. Kirchhoff’s laws . . . . . . . . . . . . . . . 733 50.4 Mutual induction . . . . . . . . . . . . . . . . . . . . . . . . 734

51 String theory* 737 51.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 737 51.2 A linear system . . . . . . . . . . . . . . . . . . . . . . . . . 738 51.3 A soft system . . . . . . . . . . . . . . . . . . . . . . . . . . 739 51.4 A stiff system . . . . . . . . . . . . . . . . . . . . . . . . . . 739 51.5 Phase plane analysis . . . . . . . . . . . . . . . . . . . . . . 740

52 Piecewise linear approximation 743 52.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 743 52.2 Interpolation on [0, 1] . . . . . . . . . . . . . . . . . . . . . . 744 52.3 The vector space of linear functions on [0, 1] . . . . . . . . . 744 52.4 The vector space of piecewise linear continuous functions on an interval . . . . . . . . . . . . . . . . . . . . . . . . . . . . 749 52.5 The L_2 projection into the space V_h of piecewise linear functions on I . . . . . . . . . . . . . . . . . . . . . . . . . . . . 751

53 FEM for two-point boundary value problems 757 53.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 757 53.2 Initial boundary-value problems . . . . . . . . . . . . . . . . 760 53.3 Stationary boundary value problems . . . . . . . . . . . . . 761 53.4 The Finite Element Method . . . . . . . . . . . . . . . . . . 761 53.5 The discrete system of equations . . . . . . . . . . . . . . . 764 53.6 Discretizing problems with different boundary conditions . . 767 xxviii Contents

53.7 Error estimates and adaptive error control . . . . . . . . . . 770 53.8 Discretization of time-dependent reaction-diffusion-convection problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 774 53.9 Non-linear reaction-diffusion-convection problems . . . . . . 775

II Calculus in several dimensions Δu = ∇ · ∇u

∂u ∂t − Δu = f ∂2u ∂t2 − Δu = f i^{∂u}_{∂t} − Δu + V u = 0 ∂u ∂t + u · ∇u − νΔu = f ∇ × H = J, ∇ · B = 0, B = μH. 778

54 Vector-valued functions of several real variables 781 54.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 781 54.2 Curves in R^n . . . . . . . . . . . . . . . . . . . . . . . . . . 782 54.3 Different parameterizations of a curve . . . . . . . . . . . . 783 54.4 Surfaces in R^n , n ≥ 3 . . . . . . . . . . . . . . . . . . . . . . 784 54.5 Lipschitz continuity . . . . . . . . . . . . . . . . . . . . . . 785 54.6 Differentiability: Jacobian, gradient and tangent . . . . . . 786 54.7 The Chain rule . . . . . . . . . . . . . . . . . . . . . . . . . 790 54.8 The Mean Value theorem . . . . . . . . . . . . . . . . . . . 791 54.9 Direction of steepest descent and the gradient . . . . . . . . 792 54.10A minimum point is a stationary point . . . . . . . . . . . . 794 54.11The method of Steepest Descent to find a minimum point . 794 54.12Directional derivative . . . . . . . . . . . . . . . . . . . . . . 795 54.13Higher order partial derivatives . . . . . . . . . . . . . . . . 795 54.14Taylor’s theorem . . . . . . . . . . . . . . . . . . . . . . . . 797 54.15Contraction mapping theorem . . . . . . . . . . . . . . . . . 798 54.16Solving f(x) = 0 with f : R^n → R^n . . . . . . . . . . . . . . 799 54.17The Inverse Function theorem . . . . . . . . . . . . . . . . . 800 54.18The Implicit Function theorem . . . . . . . . . . . . . . . . 801 54.19Newton’s method . . . . . . . . . . . . . . . . . . . . . . . . 802 54.20Differentiation under the integral sign . . . . . . . . . . . . 803

Contents xxix

55 Level curves/surfaces and the gradient 807 55.1 Level curves . . . . . . . . . . . . . . . . . . . . . . . . . . . 807 55.2 Local existence of level curves . . . . . . . . . . . . . . . . . 809 55.3 Level curves and the gradient . . . . . . . . . . . . . . . . . 809 55.4 Level surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . 811 55.5 Local existence of level surfaces . . . . . . . . . . . . . . . . 811 55.6 Level surfaces and the gradient . . . . . . . . . . . . . . . . 812

56 Linearization and stability of initial value problems 815 56.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 815 56.2 Stationary solutions . . . . . . . . . . . . . . . . . . . . . . 816 56.3 Linearization at a stationary solution . . . . . . . . . . . . . 816 56.4 Stability analysis in the case f^′(ū) is symmetric . . . . . . . 817 56.5 Stability factors . . . . . . . . . . . . . . . . . . . . . . . . . 818 56.6 Stability of time-dependent solutions . . . . . . . . . . . . . 821 56.7 Sum up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 821

57 Adaptive solvers of initial value prolems 823 57.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 823 57.2 The cG(1) method . . . . . . . . . . . . . . . . . . . . . . . 824 57.3 Adaptive time step control for cG(1) . . . . . . . . . . . . . 826 57.4 A posteriori error estimate for cG(1) a linear scalar IVP . . 826 57.5 A posteriori error estimate for cG(1) for a general IVP . . . 829 57.6 A posteriori error estimates for backward Euler for a general IVP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 830 57.7 Stiff initial value problems . . . . . . . . . . . . . . . . . . . 832 57.8 On explicit time-stepping for stiff problems . . . . . . . . . 834

58 Lorenz and the Essence of Chaos* 841 58.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 841 58.2 The Lorenz system . . . . . . . . . . . . . . . . . . . . . . . 842 58.3 The accuracy of the computations . . . . . . . . . . . . . . 845 58.4 Computability of the Lorenz system . . . . . . . . . . . . . 846 58.5 The Lorenz Challenge . . . . . . . . . . . . . . . . . . . . . 848

59 The Solar System* 851 59.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 851 59.2 Newton’s Equation . . . . . . . . . . . . . . . . . . . . . . . 853 59.3 Einstein’s Equation . . . . . . . . . . . . . . . . . . . . . . . 855 59.4 The Solar System as a system of ODEs . . . . . . . . . . . 856 59.5 Predictability and Computability . . . . . . . . . . . . . . . 858 59.6 Adaptive time-stepping . . . . . . . . . . . . . . . . . . . . 861 59.7 Limits of computability and predictability . . . . . . . . . . 862

60 Optimization 865 xxx Contents

60.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 865 60.2 Sorting if Ω is finite . . . . . . . . . . . . . . . . . . . . . . 866 60.3 What if Ω is not finite? . . . . . . . . . . . . . . . . . . . . 867 60.4 Existence of minimum point . . . . . . . . . . . . . . . . . . 868 60.5 The derivative is zero at an interior minimum point . . . . 868 60.6 The role of the Hessian . . . . . . . . . . . . . . . . . . . . . 871 60.7 Minimization algorithms: steepest descent . . . . . . . . . . 872 60.8 Existence of a minimum value and a minimum point . . . . 873 60.9 Existence of greatest lower bound to a set bounded below . 875 60.10Analysis of the constructibility of minimum value and minimum point . . . . . . . . . . . . . . . . . . . . . . . . . . . 876 60.11A decreasing bounded sequence converges! . . . . . . . . . . 876

61 The divergence, rotation and Laplacian 879 61.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 879 61.2 The gradient, divergence, rotation and Laplacian in R^2 . . . 880 61.3 The Laplacian in R^2 in polar coordinates . . . . . . . . . . 881 61.4 Basic examples with ∇ · u = 1, ∇ × v = 1 and Δw = 1 . . . 882 61.5 Invariance of the Laplacian under rigid coordinate transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 882 61.6 The gradient, divergence, rotation and Laplacian in R^3 . . . 883 61.7 Basic examples with ∇ · u = 1, ∇ × v = (0, 0, 1) and Δw = 1 884 61.8 The Laplacian in spherical coordinates . . . . . . . . . . . . 884

62 Meteorology and Coriolis forces* 887 62.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 887 62.2 A basic meteorological model . . . . . . . . . . . . . . . . . 888 62.3 Rotating coordinate systems and Coriolis acceleration . . . 888

63 Curve integrals 893 63.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 893 63.2 The length of a curve in R^2 . . . . . . . . . . . . . . . . . . 893 63.3 Curve integral . . . . . . . . . . . . . . . . . . . . . . . . . . 895 63.4 Reparametrization . . . . . . . . . . . . . . . . . . . . . . . 896 63.5 Work and gradient fields . . . . . . . . . . . . . . . . . . . . 898 63.6 Using the arclength as parameter . . . . . . . . . . . . . . . 899 63.7 Extension to curves in R^n . . . . . . . . . . . . . . . . . . . 901

64 Double integrals 905 64.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 905 64.2 Double integrals over the unit square . . . . . . . . . . . . . 906 64.3 The double integral over Q through repeated one-dimensional integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 909 64.4 Generalization to an arbitrary rectangle . . . . . . . . . . . 911 64.5 Interpreting the double integral as a volume . . . . . . . . . 911

Contents xxxi

64.6 Extension to general domains . . . . . . . . . . . . . . . . . 912 64.7 Iterated integrals over general domains . . . . . . . . . . . . 914 64.8 The area of a two-dimensional domain . . . . . . . . . . . . 915 64.9 The integral as the limit of a general Riemann sum . . . . . 916 64.10Change of variables in a double integral . . . . . . . . . . . 917

65 Surface integrals 923 65.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 923 65.2 Surface area . . . . . . . . . . . . . . . . . . . . . . . . . . . 923 65.3 The surface area of a function of two variables . . . . . . . 925 65.4 Surfaces of revolution . . . . . . . . . . . . . . . . . . . . . 926 65.5 Independence of parameterization . . . . . . . . . . . . . . . 927 65.6 Surface integrals . . . . . . . . . . . . . . . . . . . . . . . . 927 65.7 Moment of inertia of a thin spherical shell . . . . . . . . . . 928

66 Multiple integrals 931 66.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 931 66.2 Triple integrals over the unit cube . . . . . . . . . . . . . . 931 66.3 Triple integrals over more general domains in R^3 . . . . . . 932 66.4 The volume of a three-dimensional domain . . . . . . . . . 933 66.5 Triple integrals as limits of Riemann sums . . . . . . . . . . 934 66.6 Change of variables in a triple integral . . . . . . . . . . . . 935 66.7 Solids of revolution . . . . . . . . . . . . . . . . . . . . . . . 937 66.8 Moment of inertia of a ball . . . . . . . . . . . . . . . . . . 938

67 Gauss’ theorem and Green’s formula in R^2 941 67.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 941 67.2 The special case with Ω a square . . . . . . . . . . . . . . . 942 67.3 The general case . . . . . . . . . . . . . . . . . . . . . . . . 942

68 Gauss’ theorem and Green’s formula in R^3 949 68.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 949

69 Stokes’ theorem 955 69.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 955 69.2 The special case of a surface in a plane . . . . . . . . . . . . 956 69.3 Generalization to an arbitrary plane surface . . . . . . . . . 958 69.4 Generalization to a surface bounded by a plane curve . . . . 958

70 Potential fields 963 70.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 963 70.2 An irrotational field is a potential field . . . . . . . . . . . . 964 70.3 A counter-example for a non-convex Ω . . . . . . . . . . . . 966

71 Center of mass and Archimedes’ principle* 967 71.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 967 xxxii Contents

71.2 Center of mass . . . . . . . . . . . . . . . . . . . . . . . . . 968 71.3 Archimedes’ principle . . . . . . . . . . . . . . . . . . . . . 971 71.4 Stability of floating bodies . . . . . . . . . . . . . . . . . . . 973

72 Newton’s nightmare* 977

73 Laplacian models 983 73.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 983 73.2 Heat conduction . . . . . . . . . . . . . . . . . . . . . . . . 983 73.3 The heat equation . . . . . . . . . . . . . . . . . . . . . . . 986 73.4 Stationary heat conduction: Poisson’s equation . . . . . . . 987 73.5 Convection-diffusion-reaction . . . . . . . . . . . . . . . . . 989 73.6 Elastic membrane . . . . . . . . . . . . . . . . . . . . . . . . 990 73.7 Solving the Poisson equation . . . . . . . . . . . . . . . . . 991 73.8 The wave equation: vibrating elastic membrane . . . . . . . 993 73.9 Fluid mechanics . . . . . . . . . . . . . . . . . . . . . . . . . 993 73.10Maxwell’s equations . . . . . . . . . . . . . . . . . . . . . . 999 73.11Gravitation . . . . . . . . . . . . . . . . . . . . . . . . . . . 1003 73.12Quantum Mechanics . . . . . . . . . . . . . . . . . . . . . . 1007

74 Chemical reactions* 1013 74.1 Constant temperature . . . . . . . . . . . . . . . . . . . . . 1013 74.2 Variable temperature . . . . . . . . . . . . . . . . . . . . . . 1016 74.3 Space dependence . . . . . . . . . . . . . . . . . . . . . . . . 1017

75 Calculus Tool Bag II 1019 75.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1019 75.2 Lipshitz continuity . . . . . . . . . . . . . . . . . . . . . . . 1020 75.3 Differentiability . . . . . . . . . . . . . . . . . . . . . . . . . 1020 75.4 The Chain rule . . . . . . . . . . . . . . . . . . . . . . . . . 1020 75.5 Mean Value theorem for f : R^n → R . . . . . . . . . . . . . 1020 75.6 A minimum point is a stationary point . . . . . . . . . . . . 1020 75.7 Taylor’s theorem . . . . . . . . . . . . . . . . . . . . . . . . 1021 75.8 Contraction mapping theorem . . . . . . . . . . . . . . . . . 1021 75.9 Inverse Function theorem . . . . . . . . . . . . . . . . . . . 1021 75.10Implicit Function theorem . . . . . . . . . . . . . . . . . . . 1021 75.11Newton’s method . . . . . . . . . . . . . . . . . . . . . . . . 1021 75.12Differential operators . . . . . . . . . . . . . . . . . . . . . . 1022 75.13Curve integrals . . . . . . . . . . . . . . . . . . . . . . . . . 1023 75.14Multiple integrals . . . . . . . . . . . . . . . . . . . . . . . . 1023 75.15Surface integrals . . . . . . . . . . . . . . . . . . . . . . . . 1024 75.16Green’s and Gauss’ formulas . . . . . . . . . . . . . . . . . 1024 75.17Stokes’ theorem . . . . . . . . . . . . . . . . . . . . . . . . . 1025

76 Piecewise linears in R^2 and R^3 1027

Contents xxxiii

76.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1027 76.2 Triangulation of a domain in R^2 . . . . . . . . . . . . . . . 1028 76.3 Mesh generation in R^3 . . . . . . . . . . . . . . . . . . . . . 1031 76.4 Piecewise linear functions . . . . . . . . . . . . . . . . . . . 1031 76.5 Max-norm error estimates for piecewise linear interpolation 1034 76.6 Quadrature in R^2 . . . . . . . . . . . . . . . . . . . . . . . . 1037

77 FEM for boundary value problems in R^2 and R^3 1041 77.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1041 77.2 Variational formulation . . . . . . . . . . . . . . . . . . . . 1042 77.3 The cG(1) FEM . . . . . . . . . . . . . . . . . . . . . . . . 1043 77.4 Basic data structures . . . . . . . . . . . . . . . . . . . . . . 1049 77.5 Solving the discrete system . . . . . . . . . . . . . . . . . . 1049 77.6 An equivalent minimization problem . . . . . . . . . . . . . 1051 77.7 An energy norm a priori error estimate . . . . . . . . . . . . 1051 77.8 An energy norm a posteriori error estimate . . . . . . . . . 1052 77.9 Adaptive error control . . . . . . . . . . . . . . . . . . . . . 1054 77.10An example . . . . . . . . . . . . . . . . . . . . . . . . . . . 1056 77.11Extension to non-homogeneous Dirichlet boundary conditions1057 77.12The L-shaped membrane . . . . . . . . . . . . . . . . . . . . 1058 77.13Robin and Neumann boundary conditions . . . . . . . . . . 1059 77.14Stationary convection-diffusion-reaction problems . . . . . . 1061 77.15Time-dependent convection-diffusion-reaction problems . . . 1062 77.16The wave equation . . . . . . . . . . . . . . . . . . . . . . . 1063 77.17Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1063

78 Inverse problems 1067 78.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1067 78.2 An inverse source problem for one-dimensional convection . 1069 78.3 An inverse source problem for one-dimensional diffusion . . 1071 78.4 An inverse source problem for Poisson’s equation . . . . . . 1073 78.5 An inverse boundary value problem for Laplace’s equation . 1075 78.6 The Backward heat equation . . . . . . . . . . . . . . . . . 1076 78.7 Further applications . . . . . . . . . . . . . . . . . . . . . . 1077

79 Differential Equations Tool Bag 1079 79.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1079 79.2 The equation u^′(x) = λ(x)u(x) . . . . . . . . . . . . . . . . 1080 79.3 The equation u^′(x) = λ(x)u(x) + f(x) . . . . . . . . . . . . 1080 79.4 The differential equation ∑_n k=0 a_kD^ku(x) = 0 . . . . . . . . 1080 79.5 The damped linear oscillator . . . . . . . . . . . . . . . . . 1081 79.6 The matrix exponential . . . . . . . . . . . . . . . . . . . . 1081 79.7 Fundamental solutions of the Laplacian . . . . . . . . . . . 1082 79.8 The wave equation in 1d . . . . . . . . . . . . . . . . . . . . 1082 79.9 Numerical methods for initial value problems . . . . . . . . 1082 xxxiv Contents

79.10cg(1) for convection-diffusion-reaction . . . . . . . . . . . . 1083 79.11Svensson’s Formula for Laplace’s equation . . . . . . . . . . 1083

80 Applications Tool Bag 1085 80.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1085 80.2 Malthus’ population model: . . . . . . . . . . . . . . . . . . 1085 80.3 The logistics equation . . . . . . . . . . . . . . . . . . . . . 1085 80.4 Mass-spring-dashpot system . . . . . . . . . . . . . . . . . . 1085 80.5 LCR-circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . 1086 80.6 Laplace’s equation for gravitation: . . . . . . . . . . . . . . 1086 80.7 The heat equation: . . . . . . . . . . . . . . . . . . . . . . . 1086 80.8 The wave equation: . . . . . . . . . . . . . . . . . . . . . . . 1086 80.9 Convection-diffusion-reaction: . . . . . . . . . . . . . . . . . 1086 80.10Maxwell’s equations: . . . . . . . . . . . . . . . . . . . . . . 1087 80.11The incompressible Navier-Stokes equations: . . . . . . . . . 1087

81 Analytic functions 1089 81.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1089 81.2 The definition of an analytic function . . . . . . . . . . . . . 1089 81.3 The derivative as a limit of difference quotients . . . . . . . 1091 81.4 The function f(z) = az + b is analytic in C . . . . . . . . . 1091 81.5 The function f(z) = z^2 is analytic in C . . . . . . . . . . . . 1091 81.6 The function f(z) = z^n is analytic in C for n = 1, 2, ... . . . 1092 81.7 Rules of differentiation . . . . . . . . . . . . . . . . . . . . . 1092 81.8 The function f(z) = z^{−n} is analytic for z ≠ 0 if n = 1, 2, ... 1092 81.9 The Cauchy-Riemann equations . . . . . . . . . . . . . . . . 1092 81.10The Cauchy-Riemann equations and the limit definition of the derivative . . . . . . . . . . . . . . . . . . . . . . . . . . 1094 81.11The Cauchy-Riemann equations in polar coordinates . . . . 1095 81.12The real and imaginary parts of an analytic function are harmonic . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1095 81.13The derivative of an analytic function is an analytic function 1096 81.14Conjugate harmonic functions . . . . . . . . . . . . . . . . . 1096 81.15Curves in the complex plane . . . . . . . . . . . . . . . . . . 1097 81.16Conformal mappings . . . . . . . . . . . . . . . . . . . . . . 1097 81.17Translation-rotation-expansion/contraction . . . . . . . . . 1099 81.18Inversion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1099 81.19Möbius transformations . . . . . . . . . . . . . . . . . . . . 1100 81.20The functions w = z^{1/2}, w = e^z, w = log(z) and w = sin(z) 1101 81.21Complex integrals: first shot . . . . . . . . . . . . . . . . . . 1102 81.22Complex integrals: general case . . . . . . . . . . . . . . . . 1104 81.23Basic properties of the complex integral . . . . . . . . . . . 1105 81.24Taylor’s formula: first shot . . . . . . . . . . . . . . . . . . . 1105 81.25Cauchy’s theorem . . . . . . . . . . . . . . . . . . . . . . . . 1106 81.26Cauchy’s representation formula . . . . . . . . . . . . . . . 1107

Contents xxxv

81.27Taylor’s formula: second shot . . . . . . . . . . . . . . . . . 1108 81.28Power series representation of analytic functions . . . . . . 1110 81.29Laurent series . . . . . . . . . . . . . . . . . . . . . . . . . . 1111 81.30Residue Calculus: simple poles . . . . . . . . . . . . . . . . 1112 81.31Residue Calculus: poles of any order . . . . . . . . . . . . . 1114 81.32The Residue Theorem . . . . . . . . . . . . . . . . . . . . . 1114 81.33Computation of ∫_{2π} 0 R(sin(t), cos(t)) dt . . . . . . . . . . . . 1115 81.34Computation of ∫_∞ −∞ p(x) q(x) dx . . . . . . . . . . . . . . . . . . 1116

81.35Applications to potential theory in R^2 . . . . . . . . . . . . 1117

82 Fourier series 1123 82.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1123 82.2 Warm up I: orthonormal basis in C^n . . . . . . . . . . . . . 1125 82.3 Warm up II: Series . . . . . . . . . . . . . . . . . . . . . . . 1126 82.4 Complex Fourier series . . . . . . . . . . . . . . . . . . . . . 1126 82.5 Fourier series as an orthonormal basis expansion . . . . . . 1128 82.6 Truncated Fourier series and best L_2-approximation . . . . 1128 82.7 Real Fourier series: Cosine and Sine series representations . 1129 82.8 Basic properties of Fourier coefficients . . . . . . . . . . . . 1131 82.9 The Fourier coefficients c_m(f) tend to zero as |m| → ∞ . . 1133 82.10Convolution . . . . . . . . . . . . . . . . . . . . . . . . . . . 1134 82.11The inversion formula . . . . . . . . . . . . . . . . . . . . . 1135 82.12Parsevals formula . . . . . . . . . . . . . . . . . . . . . . . . 1137 82.13Space vs frequency analysis . . . . . . . . . . . . . . . . . . 1138 82.14Fourier series of periodic functions with period different from 2π . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1139 82.15Weierstrass functions . . . . . . . . . . . . . . . . . . . . . . 1139 82.16Solving the 1d heat equation using Fourier series . . . . . . 1140 82.17Computing Fourier coefficients with quadrature . . . . . . . 1141 82.18The Discrete Fourier Transforms . . . . . . . . . . . . . . . 1142

83 Fourier transforms 1145 83.1 Basic properties of the Fourier transform . . . . . . . . . . . 1147 83.2 The Fourier transform ^f(ξ) tends to zero as |ξ| → ∞ . . . . 1148 83.3 The inversion formula . . . . . . . . . . . . . . . . . . . . . 1149 83.4 Parsevals formula . . . . . . . . . . . . . . . . . . . . . . . . 1150 83.5 Solving the 1d heat equation on R using the Fourier transform1151 83.6 The connection between Fourier series and Fourier transforms1151 83.7 The sampling theorem . . . . . . . . . . . . . . . . . . . . . 1152 83.8 The Laplace transform . . . . . . . . . . . . . . . . . . . . . 1153 83.9 Wavelets and the Haar basis . . . . . . . . . . . . . . . . . . 1154

84 Analytic Functions Tool Bag 1157 84.1 Differentiability and analyticity . . . . . . . . . . . . . . . . 1157 84.2 The Cauchy-Riemann equations . . . . . . . . . . . . . . . . 1157 xxxvi Contents

84.3 The real and imaginary parts of an analytic function are harmonic . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1158 84.4 Conjugate harmonic functions . . . . . . . . . . . . . . . . . 1158 84.5 Curves in the complex plane . . . . . . . . . . . . . . . . . . 1158 84.6 An analytic function defines a conformal mapping . . . . . 1159 84.7 Complex integrals . . . . . . . . . . . . . . . . . . . . . . . 1159 84.8 Cauchy’s theorem . . . . . . . . . . . . . . . . . . . . . . . . 1159 84.9 Cauchy’s representation formula . . . . . . . . . . . . . . . 1159 84.10Taylor’s formula . . . . . . . . . . . . . . . . . . . . . . . . 1160 84.11The Residue Theorem . . . . . . . . . . . . . . . . . . . . . 1160

85 Fourier Analysis Tool Bag 1161 85.1 Properties of Fourier coefficients . . . . . . . . . . . . . . . 1161 85.2 Convolution . . . . . . . . . . . . . . . . . . . . . . . . . . . 1161 85.3 Fourier series representation . . . . . . . . . . . . . . . . . . 1162 85.4 Parseval’s formula . . . . . . . . . . . . . . . . . . . . . . . 1162 85.5 Discrete Fourier Transforms . . . . . . . . . . . . . . . . . . 1162 85.6 Fourier transforms . . . . . . . . . . . . . . . . . . . . . . . 1162 85.7 Properties of Fourier transforms . . . . . . . . . . . . . . . 1163 85.8 The Sampling Theorem . . . . . . . . . . . . . . . . . . . . 1163

86 Incompressible Navier-Stokes: quick and easy 1165 86.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1165 86.2 The incompressible Navier-Stokes equations . . . . . . . . . 1166 86.3 Numerical methods for the incompressible Navier-Stokes equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1167 86.4 The cG(1)dG(0) method . . . . . . . . . . . . . . . . . . . . 1168 86.5 The cG(1)cG(1) method . . . . . . . . . . . . . . . . . . . . 1169 86.6 The cG(1)dG(1) method . . . . . . . . . . . . . . . . . . . . 1170 86.7 Neumann boundary conditions . . . . . . . . . . . . . . . . 1170 86.8 Periodic boundary conditions . . . . . . . . . . . . . . . . . 1172 86.9 Computational examples . . . . . . . . . . . . . . . . . . . . 1173

Index 1177

This is page 1 Printer: Opaque this 1 What is mathematics?

The question of the ultimate foundations and the ultimate meaning of mathematics remains open; we do not know in what direction it will find its final solution or whether a final objective answer may be expected at all. ”Mathematizing” may well be a creative activity of man, like language or music, of primary originality, whose historical decisions defy complete objective rationalization. (Weyl)

1.1 Introduction

We start out by giving a very brief idea of the nature of mathematics and the role of mathematics in our society.

1.2 The modern world: automatized production and computation

The mass consumption of the industrial society is made possible by the automatized mass production of material goods such as food, clothes, housing, TV-sets, CD-players and cars. If these items had to be produced by hand, they would be the privileges of only a select few.

Analogously, the emerging information society is based on mass consumption of automatized computation by computers that is creating a new “virtual reality ” and is revolutionizing technology, communication, admin-

2 1. What is mathematics?

FIGURE 1.1. First picture of book printing technique (from Danse macabre, Lyon 1499)

istration, economy, medicine, and the entertainment industry. The information society offers immaterial goods in the form of knowledge, information, fiction, movies, music, games and means of communication. The modern PC or lap-top is a powerful computing device for mass production/consumption of information e.g. in the form of words, images, movies and music.

Key steps in the automatization or mechanization of production were: Gutenbergs’s book printing technique (Germany, 1450), Christoffer Polhem’s automatic machine for clock gears (Sweden, 1700), The Spinnning Jenny (England, 1764), Jacquard’s punched card controlled weavingloom (France, 1801), Ford’s production line (USA, 1913), see Fig. 1.1, Fig. 1.2, and Fig. 1.3.

Key steps in the automatization of computation were: Abacus (Ancient Greece, Roman Empire), Slide Rule (England, 1620), Pascals Mechanical Calculator (France, 1650), Babbage’s Difference Machine (England, 1830), Scheutz’ Difference Machine (Sweden, 1850), ENIAC Electronic Numerical Integrator and Computer (USA, 1945), and the Personal Computer PC (USA, 1980), see Fig. 1.5, Fig. 1.6, Fig. 1.7 and Fig. 1.8. The Difference Machines could solve simple differential equations and was used to compute tables of elementary functions such as the logarithm. ENIAC was one of the first modern computers (electronic and programmable), consisted of 18.000 vacuum tubes filling a room of 50 × 100 squarefeet with a weight of 30 tons and energy consuming of 200 kilowatts, and was used to solve the differential equations of ballistic firing tables as an important part of the Allied World War II effort.

1.2 The modern world: automatized production and computation 3

FIGURE 1.2. Christoffer Polhem’s machine for clock gears (1700), Spinning Jenny (1764) and Jaquard’s programmable loom (1801).

4 1. What is mathematics?

FIGURE 1.3. Ford assembly line (1913).

Automatization (or automation) is based on frequent repetion of a certain algorithm or scheme with new data at each repetition. The algorithm may consist of a sequence of relatively simple steps together creating a more complicated process. In automatized manufacturing, as in the production line of a car factory, physical material is modified following a strict repetitive scheme, and in automatized computation, the 1s and 0s of the microprocessor are modified billions of times each second following the computer program. Similarly, a genetic code of an organism may be seen as an algorithm that generates a living organism when realized in interplay with the environment. Realizing a genetic code many times (with small variations) generates populations of organisms. Mass-production is the key to increased complexity following the patterns of nature: elementary particle → atom → molecule and molecule → cell → organism → population, or the patterns of our society: individual → group → society or computer → computer network → global net.

1.3 The role of mathematics

Mathematics may be viewed as the language of computation and thus lies at the heart of the modern information society. Mathematics is also the language of science and thus lies at the heart of the industrial society that grew out of the scientific revolution in the 17th century that began when Leibniz and Newton created Calculus. Using Calculus, basic laws of mechanics and physics, such as Newton’s law, could be formulated as mathematical models in the form of differential equations. Using the models, real phenomena

1.4 Design and production of cars 5

FIGURE 1.4. Computing device of the Inka Culture

could be simulated and controlled (more or less) and industrial processes could be created.

The mass consumption of both material and immaterial goods, considered to be a corner-stone of our modern democratic society, is made possible through automatization of production and computation. Therefore, mathematics forms a fundamental part of the technical basis of the modern society revolving around automatized production of material goods and automatized computation of information.

The vision of virtual reality based on automatized computation was formulated by Leibniz already in the 17th century and was developed further by Babbage with his Analytical Engine in the 1830s. This vision is finally being realized in the modern computer age in a synthesis of Body & Soul of Mathematics.

We now give some examples of the use of mathematics today that are connected to different forms of automatized computation.

1.4 Design and production of cars

In the car industry, a model of a component or complete car can be made using Computer Aided Design CAD. The CAD-model describes the ge-

6 1. What is mathematics?

FIGURE 1.5. Classical computational tools: Abacus (300 B.C.-), Galileo’s Compass (1597) and Slide Rule (1620-).

1.4 Design and production of cars 7

FIGURE 1.6. Napier’s Bones (1617), Pascals Calculator (1630), Babbage’s Difference Machine (1830) and Scheutz’ Swedish Difference Machine (1850).

8 1. What is mathematics?

FIGURE 1.7. Odhner’s mechanical calculator made in Göteborg, Sweden, 1919-1950

FIGURE 1.8. ENIAC Electronic Numerical Integrator and Calculator (1945)

1.5 Navigation: from stars to GPS 9

ometry of the car through mathematical expressions and the model can be displayed on the computer screen. The performance of the component can then be tested in computer simulations, where differential equations are solved through massive computation, and the CAD-model is used as input of geometrical data. Further, the CAD data can be used in automatized production. The new technique is revolutionizing the whole industrial process from design to production.

1.5 Navigation: from stars to GPS

A primary force behind the development of geometry and mathematics since the Babylonians has been the need to navigate using information from the positions of the planets, stars, the Moon and the Sun. With a clock and a sextant and mathematical tables, the sea-farer of the 18th century could determine his position more or less accurately. But the results depended strongly on the precision of clocks and observations and it was easy for large errors to creep in. Historically, navigation has not been an easy job.

During the last decade, the classical methods of navigation have been replaced by GPS, the Global Positioning System. With a GPS navigator in hand, which we can buy for a couple of hundred dollars, we get our coordinates (latitude and longitude) with a precision of 50 meters at the press of a button. GPS is based on a simple mathematical principle known already to the Greeks: if we know our distance to three point is space with known coordinates then we can compute our position. The GPS uses this principle by measuring its distance to three satellites with known positions, and then computes its own coordinates. To use this technique, we need to deploy satellites, keep track of them in space and time, and measure relevant distances, which became possible only in the last decades. Of course, computers are used to keep track of the satellites, and the microprocessor of a hand-held GPS measures distances and computes the current coordinates.

The GPS has opened the door to mass consumption in navigation, which was before the privilege of only a few.

1.6 Medical tomography

The computer tomograph creates a pictures of the inside of a human body by solving a certain integral equation by massive computation, with data coming from measuring the attenuation of very weak X-rays sent through the body from different directions. This technique offers mass consumption of medical imaging, which is radically changing medical research and practice.

10 1. What is mathematics?

FIGURE 1.9. GPS-system with 4 satellites

FIGURE 1.10. Medical tomograph.

1.7 Molecular dynamics and medical drug design 11

1.7 Molecular dynamics and medical drug design

The classic way in which new drugs are discovered is an expensive and timeconsuming process. First, a physical search is conducted for new organic chemical compounds, for example among the rain forests in South America. Once a new organic molecule is discovered, drug and chemical companies license the molecule for use in a broad laboratory investigation to see if the compound is useful. This search is conducted by expert organic chemists who build up a vast experience with how compounds can interact and which kind of interactions are likely to prove useful for the purpose of controlling a disease or fixing a physical condition. Such experience is needed to reduce the number of laboratory trials that are conducted, otherwise the vast range of possibilities is overwhelming.

The use of computers in the search for new drugs is rapidly increasing. One use is to makeup new compounds so as to reduce the need to make expensive searches in exotic locations like southern rain forests. As part of this search, the computer can also help classify possible configurations of molecules and provide likely ranges of interactions, thus greatly reducing the amount of laboratory testing time that is needed.

FIGURE 1.11. The Valium molecule

12 1. What is mathematics?

1.8 Weather prediction and global warming

Weather predictions are based on solving differential equations that describe the evolution of the atmosphere using a super computer. Reasonably reliable predictions of daily weather are routinely done for periods of a few days. For longer periods. the reliability of the simulation decreases rapidly, and with present day computers daily weather predictions for a period of two weeks are impossible.

However, forecasts over months of averages of temperature and rainfall are possible with present day computer power and are routinely performed.

Long-time simulations over periods of 20-50 years of yearly temperatureaverages are done today to predict a possible global warming due to the use of fossil energy. The reliability of these simulations are debated.

FIGURE 1.12. Clouds over West of Africa (ESA/Eumesat)

1.9 Economy: stocks and options

The Black-Scholes model for pricing options has created a new market of so called derivative trading as a complement to the stock market. To correctly price options is a mathematically complicated and computationally

1.10 Languages 13

intensive task, and a stock broker with first class software for this purpose (which responds in a few seconds), has a clear trading advantage.

1.10 Languages

Mathematics is a language. There are many different languages. Our mother tongue, whatever it happens to be, English, Swedish, Greek, et cetera, is our most important language, which a child masters quite well at the age of three. To learn to write in our native language takes longer time and more effort and occupies a large part of the early school years. To learn to speak and write a foreign language is an important part of secondary education.

Language is used for communication with other people for purposes of cooperation, exchange of ideas or control. Communication is becoming increasingly important in our society as the modern means of communication develop.

Using a language we may create models of phenomena of interest, and by using models, phenomena may be studied for purposes of understanding or prediction. Models may be used for analysis focussed on a close examination of individual parts of the model and for synthesis aimed at understanding the interplay of the parts that is understanding the model as a whole. A novel is like a model of the real world expressed in a written language like English. In a novel the characters of people in the novel may be analyzed and the interaction between people may be displayed and studied.

The ants in a group of ants or bees in a bees hive also have a language for communication. In fact in modern biology, the interaction between cells or proteins in a cell is often described in terms of entities ”talking to each other”.

It appears that we as human beings use our language when we think. We then seem to use the language as a model in our head, where we try various possibilities in simulations of the real world: ”If that happens, then I’ll do this, and if instead that happens, then I will do so and so...”. Planning our day and setting up our calender is also some type of modeling or simulation of events to come. Simulations by using our language thus seems to go on in our heads all the time.

There are also other languages like the language of musical notation with its notes, bars, scores, et cetera. A musical score is like a model of the real music. For a trained composer, the model of the written score can be very close to the real music. For amateurs, the musical score may say very little, because the score is like a foreign language which is not understood.

14 1. What is mathematics?

1.11 Mathematics as the language of science

Mathematics has been described as the language of science and technology including mechanics, astronomy, physics, chemistry, and topics like fluid and solid mechanics, electromagnetics et cetera. The language of mathematics is used to deal with geometrical concepts like position and form and mechanical concepts like velocity, force and field. More generally, mathematics serves as a language in any area that includes quantitative aspects described in terms of numbers, such as economy, accounting, statistics et cetera. Mathematics serves as the basis for the modern means of electronic communication where information is coded as sequences of 0’s and 1’s and is transferred, manipulated or stored.

The words of the language of mathematics often are taken from our usual language, like points, lines, circles, velocity, functions, relations, transformations, sequences, equality, inequality et cetera.

A mathematical word, term or concept is supposed to have a specific meaning defined using other words and concepts that are already defined. This is the same principle as is used in a Thesaurus, where relatively complicated words are described in terms of simpler words. To start the definition process, certain fundamental concepts or words are used, which cannot be defined in terms of already defined concepts. Basic relations between the fundamental concepts may be described in certain axioms. Fundamental concepts of Euclidean geometry are point and line, and a basic Euclidean axiom states that through each pair of distinct points there is a unique line passing. A theorem is a statement derived from the axioms or other theorems by using logical reasoning following certain rules of logic. The derivation is called a proof of the theorem.

1.12 The basic areas of mathematics

The basic areas of mathematics are

• Geometry

• Algebra

• Analysis.

Geometry concerns objects like lines, triangles, circles. Algebra and Analysis is based on numbers and functions. The basic areas of mathematics education in engineering or science education are

• Calculus

• Linear Algebra

1.13 What is science? 15

Calculus is a branch of analysis and concerns properties of functions such as continuity, and operations on functions such as differentiation and integration. Calculus connects to Linear Algebra in the study of linear functions or linear transformations and to analytical geometry, which describes geometry in terms of numbers. The basic concepts of Calculus are

• function

• derivative

• integral.

Linear Algebra combines Geometry and Algebra and connects to Analytical Geometry. The basic concepts of Linear Algebra are

• vector

• vector space

• projection, orthogonality

• linear transformation

This book teaches the basics of Calculus and Linear Algebra, which are the areas of mathematics underlying most applications.

1.13 What is science?

The theoretical kernel of natural science may be viewed as having two components

• formulating equations (modeling),

• solving equations (computation).

Together, these form the essence of mathematical modeling and computational mathematical modeling. The first really great triumph of science and mathematical modeling is Newton’s model of our planetary system as a set of differential equations expressing Newton’s law connecting force, through the inverse square law, and acceleration. An algorithm may be seen as a strategy or constructive method to solve a given equation via computation. By applying the algorithm and computing, it is possible to simulate real phenomena and make predictions.

Traditional techniques of computing were based on symbolic or numerical computation with pen and paper, tables, slide ruler and mechanical calculator. Automatized computation with computers is now opening new possibilities of simulation of real phenomena according to Natures own

16 1. What is mathematics?

principle of massive repetition of simple operations, and the areas of applications are quickly growing in science, technology, medicine and economics.

Mathematics is basic for both steps (i) formulating and (ii) solving equation. Mathematics is used as a language to formulate equations and as a set of tools to solve equations.

Fame in science can be reached by formulating or solving equations. The success is usually manifested by connecting the name of the inventor to the equation or solution method. Examples are legio: Newton’s method, Euler’s equations, Lagrange’s equations, Poisson’s equations, Laplace’s equations, Navier’s equations, Navier-Stokes’ equations, Boussinesq’s equations, Einstein’s equations, Schrödinger’s equations, Black-Scholes formula..., some of which we will meet below.

1.14 What is conscience?

The activity of the brain is believed to consist of electrical/chemical signals/waves connecting billions of synapses in some kind of large scale computation. The question of the nature of the conscience of human beings has played a central role in the development of human culture since the early Greek civilization, and today computer scientists seek to capture its evasive nature in various forms of Artificial Intelligence AI. The idea of a division of the activity of the brain into a (small) conscious “rational” part and a (large) unconscious “irrational” part, is widely accepted since the days of Freud. The rational part has the role of “analysis” and “control” towards some “purpose” and thus has features of Soul, while the bulk of the “computation” is Body in the sense that it is “just” electrical/chemical waves. We meet the same aspects in numerical optimization, with the optimization algorithm itself playing the role of Soul directing the computational effort towards the goal, and the underlying computation is Body.

We have been brought up with the idea that the conscious is in control of the mental “computation”, but we know that this is often not the case. In fact, we seem to have developed strong skills in various kinds of afterrationalization: whatever happens, unless it is an “accident” or something “unexpected”, we see it as resulting from a rational plan of ours made up in advance, thus turning a posteriori observations into a priori predictions.

1.15 How to come to grips with the difficulties of understanding the material of this book and eventually view it as a good friend

We conclude this introductory chapter with some suggestions intended to help the reader through the most demanding first reading of the book and

1.15 How to come to grips with the difficulties ofunderstanding the material of this book andeventually view it as a good friend 17

reach a state of mind viewing the book as a good helpful friend, rather than the opposite. From our experience of teaching the material of this book, we know that it may evoke quite a bit of frustration and negative feelings, which is not very productive.

Mathematics is difficult: Choose your own level of ambition.

First, we have to admit that mathematics is a difficult subject, and we see no way around this fact.Secondly, one should realize that it is perfectly possible to live a happy life with a career in both academics and industry with only elementary knowledge of mathematics. There are many examples including Nobel Prize Winners. This means that it is adviceable to set a level of ambition in mathematics studies which is realistic and fits the interest profile of the individual student. Many students of engineering have other prime interests than mathematics, but there are also students who really like mathematics and theoretical engineering subjects using mathematics. The span of mathematical interest thus may be expected to be quite wide in a group of students following a course based on this book, and it seems reasonable that this would be reflected in the choice of level of ambition.

Advanced material: Keep an open mind and be confident.

The book contains quite a bit of material which is “advanced” and not usually met in undergraduate mathematics, and which one may bypass and still be completely happy. It is probably better to be really familiar with and understand a smaller set of mathematical tools and have the ability to meet new challenges with some self-confidence, than repeatedly failing to digest too large portions. Mathematics is so rich, that even a life of fullytime study can only cover a very small part. The most important ability must be to meet new material with an open mind and some confidence!

Some parts of matematics are easy.

On the other hand, there are many aspects of mathematics which are not so difficult, or even “simple”, once they have been properly understood. Thus, the book contains both difficult and simple material, and the first impression from the student may give overwhelming weight to the former. To help out we have collected the most essential nontrivial facts in short summaries in the form of Calculus Tool Bag I and II, Linear Algebra Tool Bag, Differential Equations Tool Bag, Applications Tool Bag, Fourier Analysis Tool Bag and Analytic Functions Tool Bag. The reader will find the tool bags surprisingly short: just a couple pages, altogether say 15-20 pages. If properly understood, this material carries a long way and is “all” one needs to remember from the math studies for further studies and professional activities in other areas. Since the book contains about 1200 pages it means

18 1. What is mathematics?

50-100 pages of book text for each one page of summary. This means that the book gives more than the absolute minimum of information and has the ambition to give the mathematical concepts a perspective concerning both history and applicability today. So we hope the student does not get turned off by the quite a massive number of words, by remembering that after all 15-20 pages captures the essential facts. During a period of study of say one year and a half of math studies, this effectively means about one third of a page each week!

Increased/decreased importance of mathematics

The book reflects both the increased importance of mathematics in the information society of today, and the decreased importance of much of the analytical mathematics filling the traditional curriculum. The student thus should be happy to know that many of the traditional formulas are no longer such a must, and that a proper understanding of relatively few basic mathematical facts can help a lot in coping with modern life and science.

Which chapters can I skip in a first reading?

We indicate by * certain chapters directed to applications, which one may by-pass in a first reading without loosing the main thread of the presentation, and return to at a later stage if desired.

Chapter 1 Problems

1.1. Find out which Nobel Prize Winners got the prize for formulating or solving equations.

1.2. Reflect about the nature of “thinking” and “computing”.

1.3. Find out more about the topics mentioned in the text.

1.4. (a) Do you like mathematics or hate mathematics, or something in between? Explain your standpoint. (b) Specify what you would like to get out of your studies of mathematics.

1.5. Present some basic aspects of science.

1.15 How to come to grips with the difficulties ofunderstanding the material of this book andeventually view it as a good friend 19

FIGURE 1.13. Left person: ”Isn’t it remarkable that one can compute the distance to stars like Cassiopeja, Aldebaran and Sirius?”. Right person: ”I find it even more remarkable that one may know their names!” (Assar by Ulf Lundquist)

20 1. What is mathematics?

This is page 21 Printer: Opaque this 2 The Mathematics Laboratory

2.1 Introduction

This book is complemented by various pieces of software collected into the Mathematics Laboratory, freely available on the book web site. The Mathematics Laboratory contains different types of software organized under the following headings:

• Math Experience

• Tools

• Applications

• Students Lab

Math Experience serves the purpose of illustrating mathematical concepts from analysis and linear algebra such as roots of equations, Lipschitz continuity, fixed point iteration, differentiability, the definition of the integral, basis calculus for functions of several varibles.

Tools contains (i) ready-mades such as different solvers for differential equations and (ii) shells aimed at helping the student to make his own tools such as solvers of systems of equations and differential equations.

Applications contains more developed sowtware like DOLFIN, a platform for Dynamic Objectoriented Library for FINite Elements, Tanganyika for multiadaptive solution of systems of differential equations and Mech-lab and for simulating mechanical systems.

22 2. The Mathematics Laboratory

Many students may feel stimulated to develop their own applications during a mathematics program based on this book using the basis offered by the Mathematics Laboratory. We invite students to contribute applications to the Students Lab, which we hope may serve as a source of inspiration transferring know how from old to new students.

2.2 Math Experience

Math Experience is a collection of Matlab GUI software designed to offer a deeper understanding of important mathematical concepts and ideas such as, for example, convergence, continuity, linearization, differentiation, Taylor polynomials, integration, etc. The idea is to provide on-screen computer “labs” in which the student, by himself guided by a number of well designed questions, can seek to fully understand (a) the concepts and ideas as such and (b) the mathematical formulas and equations describing the concepts, by interacting with the lab environment in different ways. For example, in the Taylor lab (see Fig. 2.1) it is possible to give a function, or pick one from a gallery, and study its Taylor polynomial approximation of different degrees, how it depends on the point of focus by mouse-dragging the point, how it depends on the distance to the point by zooming in and out etc. There is also a movie where the terms in the Taylor polynomial are added one at a time. In the MultiD Calculus lab (see Fig. 2.2) it is possible to define a function u(x_1, x_2) and compute its integral over a given curve or a given domain, to view its gradient field, contour plots, tangent planes etc. One may also study vector fields (u, v), view their divergence and rotation, compute the integrals of these quantities to verify the fundamental theorems of vector calculus, view the (u, v) mapped domain and the Jacobian of the map etc, etc.

Several labs of this type have been completed and will be made available from the book web page (see www.phi.chalmers.se), and more are under way according to the following list:

• Func lab - about relations and functions, inverse function etc.

• Graph Gallery - elementar functions and their parameter dependence.

• Cauchy lab - about sequences & convergence

• Lipschitz lab - the concept of continuity

• Root lab - about bisection and fixed point iteration

• Linearization and the derivative

• Newtons lab - illustrating Newtons method

2.2 Math Experience 23

FIGURE 2.1. The Taylor lab

• Taylor lab - polynomials • Opti lab - elementary optimization • Piecewise polynomial lab - about piecewise polynomial approximation • Integration lab - Euler and Riemann summation, adaptive integration • Dynamical system lab • Pendulum lab - the effect of linearization and approximation • Vector algebra - a graphical vector calculator • Analytic geometry - coupling geometry and linear algebra • MultiD Calculus - integration and vector Calculus • FE-lab - illustrating the finite element method • Adaptive FEM - illustrating adaptive finite element techniques

24 2. The Mathematics Laboratory

• Poisson lab - fundamental solutions etc • Fourier lab • Wavelet lab • Optimal control lab - control problems related to differential equations • Archimedes lab - for experiments related to Archimedes principle

2.2 Math Experience 25

FIGURE 2.2. The MultiD Calculus lab

26 2. The Mathematics Laboratory

This is page 27 Printer: Opaque this 3 Introduction to modeling

The best material model of a cat is another, or preferably the same, cat. (Rosenblueth/Wiener in Philosophy of Science 1945)

3.1 Introduction

We start by giving two basic examples of the use of mathematics for describing practical situations. The first example is a problem in household economy and the second is a problem in surveying, both of which have been important fields of application for mathematics since the time of the Babylonians. The models are very simple but illustrate fundamental ideas.

3.2 The Dinner Soup model

You want to make a soup for dinner together with your roommate, and following a recipe you ask your roommate to go to the grocery store and buy 10 dollars worth of potatoes, carrots, and beef according to the proportions 3:2:1 by weight. In other words, your roommate has 10 dollars to spend on the ingredients, which should be bought in the amounts so that by weight there are three times as much potatoes as beef and two times as much carrots as beef. At the grocery store, your roommate finds that potatoes are 1 dollar per pound, carrots are 2 dollars per pound, and beef is 8 dollars per pound. Your roommate thus faces the problem of figuring out how much of each ingredient to buy to use up the 10 dollars.

28 3. Introduction to modeling

One way to solve the problem is by trial and error as follows: Your roommate could take quantities of the ingredients to the cash register in the proportions of 3:2:1 and let the clerk check the price, repeating until a total of 10 dollars is reached. Of course, both your roommate and the clerk could probably think of better ways to spend the afternoon. Another possibility would be to make a mathematical model of the situation and then seek to find the correct amounts to buy by doing some computations. The basic idea would be to use brains and pen and paper or a calculator, instead of labor intensive brute physical work.

The mathematical model may be set up as follows: Recalling that we want to determine the amounts of ingredients to buy, we notice that it is enough to determine the amount of beef, since we’ll buy twice as much carrots as beef and three times as much potatoes as beef. Let’s give a name to the quantity to determine. Let x denote the amount of meat in pounds to buy. The symbol x here represents an unknown quantity, or unknown, that we are seeking to determine by using available information.

If the amount of meat is x pounds, then the price of the meat to buy is 8x dollars by the simple computation

cost of meat in dollars = x pounds × 8 dollars pound

= 8x dollars.

Since there should be three times as much potatoes as meat by weight, the amount of potatoes in pounds is 3x and the cost of the potatoes is 3x dollars since the price of potatoes is one dollar per pound. Finally, the amount of carrots to buy is 2x and the cost is 2 times 2x = 4x dollars, since the price is 2 dollars per pound. The total cost of meat, potatoes and carrots is found by summing up the cost of each

8x + 3x + 4x = 15x.

Since we assume that we have 10 dollars to spend, we get the relation

15x = 10, (3.1)

which expresses the equality of total cost and available money. This is an equation involving the unknown x and data determined by the physical situation. From this equation, your roommate can figure out how much beef to buy. This is done by dividing both sides of (3.1) by 15, which gives x = 10/15 = 2/3 ≈ 0.67 pounds of meat. The amount of carrots should then be 2×2/3 = 4/3 ≈ 1.33, and finally the amount of potatoes 3×2/3 = 2 pounds.

The mathematical model for this situation is 15x = 10, where x is the amount of meat, 15x is the total cost and 10 is the available money. The modeling consists in expressing the total cost of the ingredients 15x in terms of the amount of beef x. Note that in this model, we only take into account

3.2 The Dinner Soup model 29

what is essential for the current purpose of buying potatoes, carrots and meat for the Dinner Soup, and we did not bother to write down the prices of other items, like ice cream or beer. Determining the useful information is an important, and sometimes difficult, part of the mathematical modeling.

A nice feature of mathematical models is that they can be reused to simulate different situations. For example, if you have 15 dollars to spend, then the model 15x = 15 arises with solution x = 1. If you have 25 dollars to spend, then the model is 15x = 25 with solution x = 25/15 = 5/3. In general, if the amount of money y is given, then the model is 15x = y. In this model we use the two symbols x and y, and assume that the amount of money y is given and the amount of beef x is an unknown quantity to be determined from the equation (15x = y) of the model. The roles could shift around: you may think of the amount of beef x as being given and the total cost or expenditure y to be determined (according to the formula y = 15x). In the first case, we would think of the amount of beef x as a function of the expenditure y and in the second the expenditure y as a function of x.

Assigning symbols to relevant quantities, known or unknown, is an important step in setting up a mathematical model of something. The idea of assigning symbols for unknown quantities was used already by the Babylonians (who had frequent use of models like the Dinner Soup model in organizing the feeding of the many people working on their irrigation systems).

Suppose that we could not solve the equation 15x = 10, because of a lack of skill in solving equations (we may have forgotten the trick of dividing by 15 that we learned in school). We could then try to get a solution by some kind of trial and error strategy as follows. First we assume that x = 1. We then find that the total cost is 15 dollars, which is too much. We then try with a smaller quantity of meat, say x = 0.6, and compute the total cost to 9 dollars, which is too little. We then try with something between 0.6 and 1, say x = 0.7 and find that the cost would be 10.5 dollars, which is a little too much. We conclude that the right amount must be somewhere between 0.6 and 0.7, probably closer 0.7. We can continue in the same way to find as many decimals of x as we like. For instance we check next in the same way that x must be some where between 0.66 and 0.67. In this case we know the exact answer x =^2_3 = 0.66666.... The trial and error strategy just described is a model of the process of bringing food to the counter and letting the cashier compute the total prize. In the model we compute the prize ourselves without having to physically collect the items and bring them to the counter, which simplifies the trial and error process.

30 3. Introduction to modeling

3.3 The Muddy Yard model

One of the authors owns a house with a 100m×100m backyard that has the unfortunate tendency to form a muddy lake every time it rains. We show a perspective of the field on the left in Fig. 3.1. Because of the grading in

FIGURE 3.1. Perspective of a field with poor drainage and a model describing the dimensions.

the yard, the owner has had the idea for some time to fix this by digging a shallow ditch down the diagonal of the yard, laying some perforated plastic drain pipe, then covering the pipe back up. He is then faced with the problem of determining the amount of pipe that he needs to purchase. Since a survey of the property only provides the outside dimensions and the locations of corners and physically measuring the diagonal through the mud is not easy to do, he has decided to try to compute the distance using mathematics. Can mathematics help him in this endeavor?

Inspection of the property and a map indicates that the yard can be modeled as a horizontal square (the grading seems small), and we thus seek to compute the length of the diagonal of the square. We display the model on the right in Fig. 3.1, where we change to units of 100m, so the field is 1 × 1, and denote the length of the diagonal by x. We now recall Pythagoras’ theorem, which states that x^2 = 1^2 +1^2 = 2. To find the length x of the drain pipe, we are thus led to solve the equation

x^2 = 2. (3.2)

Solving the equation x^2 = 2 may seem to be deceptively simple at first; the positive solution is just x = √ 2 after all. But walking into a store and asking for √ 2 units of pipe may not get a positive response. Precut pipes do not come in lengths calibrated by √ 2, neither do measure sticks indicate √ 2, and a clerk is thus going to need some concrete information about the value of √ 2 to be able to measure out a proper piece of pipe.

We can try to pin down the value of √ 2 by using a trial and error strategy.

We can check easily that 1^2 = 1 < 2 while 2^2 = 4 > 2. So we know that

3.4 A system of equations: Dinner Soup/Ice Cream model 31 √ 2, whatever it is, is between 1 and 2. Next we can check 1.1^2 = 1.21, 1.2^2 = 1.44, 1.3^2 = 1.69, 1.4^2 = 1.96, 1.5^2 = 2.25, 1.6^2 = 2.56, 1.7^2 = 2.89, 1.8^2 = 3.24, 1.9^2 = 3.61. Apparently √ 2 is between 1.4 and 1.5. Next we can try to fix the third decimal. Now we find that 1.41^2 = 1.9881 while 1.42^2 = 2.0164. So apparently √ 2 is between 1.41 and 1.42 and likely closer to 1.41. It appears that proceeding in this way, we can determine as many decimal places of √ 2 as we like, and we may consider the problem of computing how much drain pipe to buy to be solved!

Below we will meet many equations that have to be solved by using some variation of a trial and error strategy. In fact, most mathematical equations cannot be solved exactly by some algebraic manipulations, as we could do (if we were sufficiently clever) in the case of the Dinner Soup model (3.1). Consequently, the trial and error approach to solving mathematical equations is fundamentally important in mathematics. We shall also see that trying to solve equations such as x^2 = 2 carries us directly into the very heart of mathematics, from Pythagoras and Euclid through the quarrels on the foundations of mathematics that peaked in the 1930s and on into the present day of the modern computer.

3.4 A system of equations: Dinner Soup/Ice Cream model

Suppose you would like to finish off the Dinner Soup with some ice cream dessert at the cost of 3 dollars a pound, still at the total expense of 10 dollars. How much of each item should now be bought?

Well, if the amount ice cream is y pounds, the total cost will be 15x + 3y and thus we have the equation 15x + 3y = 10 expressing that the total cost is equal to the available money. We now have two unknowns x and y, and we need one more equation. So far, we would be able to set x = 0 and solve for y =^{10}_3 spending all the money on ice cream. This would go against some principle we learned as small kids. The second equation needed could come from some idea of balancing the amount of ice cream (junk food) to the amount of carrots (healthy food), for example according to the formula 2x = y + 1, or 2x − y = 1. Altogether, we would thus get the following system of two equations in the two unknowns x and y:

15x + 3y = 10, 2x − y = 1. Solving for y in the second equation, we get y = 2x − 1, which inserted into the first equation gives

15x + 6x − 3 = 10, that is 21x = 13, that is, x = 13 21 .

32 3. Introduction to modeling

Finally, inserting the value of x =^{13}_{21} ≈ 0.60 into the equation 2x − y = 1, we get y =^5_{21} ≈ 0.24, and we have found the solution of the system of equations modeling the present situation.

3.5 Formulating and solving equations

Let us put the Dinner Soup and Muddy Yard models into the perspective of formulating and solving equations presented above. Formulating equations corresponds to collecting information in systematic form, and solving equations corresponds to drawing conclusions from the collected information.

We began by describing the physical situations in the Dinner Soup and Muddy Yard models in terms of mathematical equations. This aspect is not just mathematical but involves also whatever knowledge from physics, economy, history, psychology, etcetera that may be relevant to describe the situation to be modeled. The equations we obtained in the Dinner Soup and the Muddy Yard models, namely 15x = 10 and x^2 = 2, are examples of algebraic equations in which the data and the unknown x are both numbers. As we consider more complicated situations, we will often encounter models in which the data and the unknown quantities are functions. Such models typically contain derivatives and integrals and are then referred to as differential equations or integral equations.

The second aspect is solving the equations of the model to determine the unknown and gain new information about the situation at hand. In the case of the Dinner Soup model, we can solve the model equation 15x = 10 exactly and express the solution x = 2/3 as a rational number. In the Muddy Yard model we resort to an iterative “trial and error” strategy to compute as many digits of the decimal expansion of the solution x = √ 2 as we may need. So it goes in general: once in a while, we can write down a solution of a model equation explicitly, but most often we have to be content with an approximate solution, the digits of which we can determine through some iterative computational process.

Note that there is no reason to be disappointed over the fact that equations representing mathematical models cannot be solved exactly, since the mathematical model is an approximation anyway, in general. It is better to have a complicated but accurate mathematical model equation, that admits only approximate solutions, than to have a trivial inaccurate model equation that can be solved exactly! The wonderful thing with computers is that they may compute accurate solutions also to complicated accurate model equations, which makes it possible to simulate real phenomena.

Chapter 3 Problems

3.5 Formulating and solving equations 33

3.1. Suppose that the grocery store sells potatoes for 40 cents per pound, carrots for 80 cents per pound, and beef for 40 cents per ounce. Determine the model relation for the total price.

3.2. Suppose that you change the soup recipe to have equal amounts of carrots and potatoes while the weight of these combined should be six times the weight of beef. Determine the model relation for the total price.

3.3. Suppose you go all out and add onions to the soup recipe in the proportion of 2 : 1 to the amount of beef, while keeping the proportions of the other ingredients the same. The price of onions in the store is $1 per pound. Determine the model relation for the total price.

3.4. While flying directly over the airport in a holding pattern at an altitude of 1 mile, you see your high rise condominium from the window. Knowing that the airport is 4 miles from your condominium and pretending that the condominium has height 0, how far are you from home and a cold beer?

3.5. Devise a model of the draining of a yard that has three sides of approximately the same length 2 assuming that we drain the yard by laying a pipe from one corner to the midpoint of the opposite side. What quantity of pipe do we need?

3.6. A father and his child are playing with a teeter-totter which has a seatboard 12 feet long. If the father weighs 170 pounds and the child weighs 45 pounds, construct a model for the location of the pivot point on the board in order for the teeter-totter to be in perfect balance? Hint: recall the principle of the lever which says that the products of the distances from the fulcrum to the masses on each end of a lever must be equal for the lever to be in equilibrium.

34 3. Introduction to modeling

This is page 35 Printer: Opaque this 4 A very short Calculus course

Mathematics has the completely false reputation of yielding infallible conclusions. Its infallibility is nothing but identity. Two times two is not four, but it is just two times two, and that is what we call four for short. But four is nothing new at all. And thus it goes on in its conclusions, except that in the height the identity fades out of sight. (Goethe)

4.1 Introduction

Following up on the general idea of science as a combination of formulating and solving equations, we describe the bare elements of this picture from a mathematical point of view. We want to give a brief glimpse of the main themes of Calculus that will be discovered as we work through these books. In particular, we will encounter the magical words of function, derivative, and integral. If you have some idea of these concepts already, you will understand some of the outline. If you have no prior acquaintance with these concepts, you can use this section to just get a first taste of what Calculus is all about without expecting to understand the details at this point. Keep in mind that this is just a glimpse of the actors behind the curtain before the play begins!

We hope the reader can use this chapter to get a grip on the essence of Calculus by reading just a couple of pages. But this is really impossible in some sense because calculus contains so many formulas and details that it is easy to get overwhelmed and discouraged. Thus, we urge the reader to

36 4. A very short Calculus course

browse through the following couple of pages to get a quick idea and then return later and confirm with an “of course”.

On the other hand, the reader may be surprised that something that is seemingly explained so easily in a couple of pages, actually takes several hundred pages to unwind in this book (and other books). We don’t seem to be able give a good explanation of this “contradiction” indicating that “what looks difficult may be easy” and vice versa. We also present short summaries of Calculus in Chapter Calculus Tool Bag I Calculus Tool Bag II, which support the idea that a destillated essence of Calculus indeed can be given in a couple of pages.

4.2 Algebraic equations

We will consider algebraic equations of the form: find x̄ such that

f(x̄) = 0, (4.1)

where f(x) is a function of x. Recall that f(x) is said to be a function of x if for each number x there is a number y = f(x) assigned. Often, f(x) is given by some algebraic formula: for example f(x) = 15x − 10 as in the Dinner Soup model, or f(x) = x^2 − 2 as in the Muddy Yard model.

We call x̄ a root of the equation f(x) = 0 if f(x̄) = 0. The root of the equation 15x − 10 = 0 is x̄ =^2_3 . The positive root x̄ of the equation x^2 − 2 = 0 is equal to √ 2 ≈ 1.41. We will consider different methods to compute a root x̄ satisfying f(x̄) = 0, including the trial and error method briefly presented above in the context of the Muddy Yard Model.

We will also meet systems of algebraic equations, where we seek to determine several unknowns satisfying several equations, as for the Dinner Soup/Ice cream model above.

4.3 Differential equations

We will also consider the following differential equation: find a function x(t) such that for all t x^′(t) = f(t), (4.2)

where f(t) is a given function, and x^′(t) is the derivative of the function x(t). This equation has several new ingredients. First, we seek here a function x(t) with a set of different values x(t) for different values of the variable t, and not just one single value of x like the root the algebraic equation x^2 = 2 considered above. In fact, we met this already in the Dinner Soup problem in case of a variable amount of money y to spend, leading to the equation 15x = y with solution x =^y_{15} depending on the variable y, that is,

4.3 Differential equations 37

x = x(y) =^y_{15} . Secondly, the equation x^′(t) = f(t) involves the derivative x^′(t) of x(t), so we have to investigate derivatives.

A basic part of Calculus is to (i) explain what a derivative is, and (ii) solve the differential equation x^′(t) = f(t), where f(t) is a given function. The solution x(t) of the differential equation x^′(t) = f(t), is referred to as an integral of f(t), or alternatively as a primitive function of f(t). Thus, a basic problem of Calculus is to find a primitive function x(t) of a given function f(t) corresponding to solving the differential equation x^′(t) = f(t).

We now attempt to explain (i) the meaning of (4.2) including the meaning of the derivative x^′(t) of the function x(t), and (ii) give a hint at how to find the solution x(t) of the differential equation x^′(t) = f(t) in terms of the given function f(t).

As a concrete illustration, let us imagine a car moving on a highway. Let t represent time, let x(t) be the distance traveled by the car at time t, and let f(t) be the momentary velocity of the car at time t, see Fig. 4.1.

PSfrag replacements

FIGURE 4.1. Highway with car (Volvo?) with velocity f(t) and travelled distance x(t).

We choose a starting time, say t = 0 and a final time, say t = 1, and we watch the car as it passes from its initial position with x(0) = 0 at time t = 0 through a sequence of increasing intermediate times t_1, t_2,..., with corresponding distances x(t_1), x(t_2),..., to the final time t = 1 with total distance x(1). We thus assume that 0 = t_0 < t_1 < · · · < t_{n−1} < t_n · · · < t_N = 1 is a sequence of intermediate times with corresponding distances x(t_n) and velocities f(t_n), see Fig. 4.2

PSfrag replacements

FIGURE 4.2. Distance and velocity at times tn−1 and tn.

For two consecutive times t_{n−1} and t_n, we expect to have

x(t_n) ≈ x(t_{n−1}) + f(t_{n−1})(t_n − t_{n−1}), (4.3)

38 4. A very short Calculus course

which says that the distance x(t_n) at time t_n is obtained by adding to the distance x(t_{n−1}) at time t_{n−1} the quantity f(t_{n−1})(t_n − t_{n−1}), which is the product of the velocity f(t_{n−1}) at time t_{n−1} and the time increment t_n − t_{n−1}. This is because

change in distance = average velocity × change in time,

or traveled distance between time t_{n−1} and t_n equals the (average) velocity multiplied by the time change t_n − t_{n−1}. Note that we may equally well connect x(t_n) to x(t_{n−1}) by the formula

x(t_n) ≈ x(t_{n−1}) + f(t_n)(t_n − t_{n−1}), (4.4)

corresponding to replacing t_{n−1} by t_n in the f(t)-term. We use the approximate equality ≈ because we use the velocity f(t_{n−1}) or f(t_n), which is not exactly the same as the average velocity over the time interval from t_{n−1} to t_n, but should be close to the average if the time interval is short.

Example 4.1. If x(t) = t^2, then x(t_n) − x(t_{n−1}) = t^2_n − t^2_{n−1} = (t_n + t_{n−1})(t_n − t_{n−1}), and (4.3) and (4.4) correspond to approximating the average velocity (t_n + t_{n−1}) with 2t_{n−1} or 2t_n, respectively.

The formula (4.3) is at the heart of Calculus! It contains both the derivative of x(t) and the integral of f(t). First, shifting x(t_{n−1}) to the left and then dividing by the time increment t_n − t_{n−1}, we get x(t_n) − x(t_{n−1}) t_n − t_{n−1} ≈ f(t_{n−1}). (4.5)

This is a counterpart to (4.2), which indicates how to define the derivative x^′(t_{n−1}) in order to have the equation x^′(t_{n−1)}) = f(t_{n−1}) fulfilled: x^′(t_{n−1}) ≈ x(t_n) − x(t_{n−1}) t_n − t_{n−1} . (4.6)

This formula says that the derivative x^′(t_{n−1}) is approximately equal to the average velocity x(t_n) − x(t_{n−1}) t_n − t_{n−1} . over the time interval between t_{n−1} and t_n. Thus, we may expect that the equation x^′(t) = f(t) just says that the derivative x^′(t) of the traveled distance x(t) with respect to time t, is equal to the momentary velocity f(t). The formula (4.6) then says that the velocity x^′(t_{n−1}) at time t_{n−1}, that is the momentary velocity at time t_{n−1}, is approximately equal to the average velocity over the time interval (t_{n−1}, t_n). We have now uncovered some of the mystery of the derivative hidden in (4.3).

4.3 Differential equations 39

Next, considering the formula corresponding to to (4.3) for the time instances t_{n−2} and t_{n−1}, obtained by simply replacing n by n−1 everywhere in (4.3), we have

x(t_{n−1}) ≈ x(t_{n−2}) + f(t_{n−2})(t_{n−1} − t_{n−2}), (4.7)

and thus together with (4.3),

x(t_n) ≈ ≈ x(t_{n−1}) x(t_{n−2}) + f(t_{n−2})(t_{n−1} − t_{n−2}) +f(t_{n−1})(t_n − t_{n−1}). (4.8)

Repeating this process, and using that x(t_0) = x(0) = 0, we get the formula

x(t_n) ≈ X_n = f(t_0)(t_1 − t_0) + f(t_1)(t_2 − t_1) + · · · + f(t_{n−2})(t_{n−1} − t_{n−2}) + f(t_{n−1})(t_n − t_{n−1}).

(4.9)

Example 4.2. Consider a velocity f(t) =^t_{1+t} increasing with time t from zero for t = 0 towards one for large t. What is the travelled distance x(t_n) at time t_n in this case? To get an (approximate) answer we compute the approximation X_n according to (??):

x(t_n) ≈ X_n = t_1 1 + t_1

(t_2 − t_1) + t_2 1 + t_2

(t_3 − t_2) + · · · + t_{n−2} 1 + t_{n−2}

(t_{n−1} − t_{n−2}) + t_{n−1} 1 + t_{n−1} (t_n − t_{n−1}). With a “uniform” time step k = t_j − t_{j−1} for all j, this reduces to

x(t_n) ≈ X_n = k 1 + k k + 2k 1 + 2k k + · · · + (n − 2)k 1 + (n − 2)k k + (n − 1)k 1 + (n − 1)k k. We compute the sum for n = 1, 2, .., N choosing k = 0.05, and plot the resulting values of X_n inFig. 4.3.

We now return to (4.9), and setting n = N we have in particular

x(1) = x(t_N ) ≈ f(t_0)(t_1 − t_0) + f(t_1)(t_2 − t_1) + · · · +f(t_{N−2})(t_{N−1} − t_{N−1}) + f(t_{N−1})(t_N − t_{N−1}),

that is, x(1) is (approximately) the sum of the terms f(t_{n−1})(t_n − t_{n−1}) with n ranging from n = 1 up to n = N. We may write this in more condensed form using the summation sign Σ as x(1) ≈ N∑ n=1 f(t_{n−1})(t_n − t_{n−1}), (4.10)

40 4. A very short Calculus course

FIGURE 4.3. Travelled distance Xn approximating x(t) for f(t) =^t_{1+t} with time steps k = 0.05.

which expresses the total distance x(1) as the sum of all the increments of distance f(t_{n−1})(t_n − t_{n−1}) for n = 1, ..., N. We can view this formula as a variant of the “telescoping” formula

x(1) = x(t_N ) = 0 −x(t_{N−1}) + x(t_{N−1}) = 0 −x(t_{N−2}) + x(t_{N−2}) · · · + = 0 −x(t_1) + x(t_1) −x(t_0) = x(t_N ) − x(t_{N−1}) ≈f (t_{N −1})(t_N −t_{N −1}) + x(t_{N−1}) − x(t_{N−2}) ≈f (t_{N −2})(t_{N −1}−t_{N −2}) + x(t_{N−2}) · · · − x(t_1)

+ x(t_1) − x(t_0)

≈f (t_0)(t_1−t_0 )

expressing the total distance x(1) as a sum of all the increments x(t_n) − x(t_{n−1}) of distance (assuming x(0) = 0), and recalling that x(t_n) − x(t_{n−1}) ≈ f(t_{n−1})(t_n − t_{n−1}). In the telescoping formula, each value x(t_n), except x(t_N ) = x(1) and x(t_0) = 0, occurs twice with different signs.

In the language of Calculus, the formula (4.10) will be written as

x(1) =

∫_1 0 f(t) dt, (4.11) where ≈ has been replaced by =, the sum ∑ has been replaced by the integral ∫ , the increments t_n − t_{n−1} by dt, and the sequence of “discrete” time instances t_n, running (or rather “jumping” in small steps) from time 0